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1. INTRODUCTION

This article presents an algorithm for computing the regulator R =
In(en) for the quadratic order of conductor f in a real quadratic field
Q(vAy) with fundamental discriminant Ay (so A = f2Ag) and fun-
damental unit ex. The algorithm uses the continued fraction method
to compute the regulator Ra, = In(ea,) for the ring of integers (which
is also the maximal order) of the quadratic field with fundamental dis-
criminant Ay and fundamental unit e5,. The algorithm uses theorems
on linear recurrence relations to compute the ratio F of the regulator
of the order of conductor f to the regulator of the maximal order.

Of course regulators can be computed by applying the continued
fraction algorithm to an appropriate quadratic irrational. For f > 1,
the algorithm presented here is faster.

For large fundamental discriminants there are faster methods than
that presented here [14, 4].

We begin by giving mapping out our approach. For additional back-
ground see “Computing in Quadratic Orders” and “Linear Recurrences
for Pell Equations.”

2. THE ROADMAP

Finding fundamental units in orders of real quadratic number fields
is equivalent to solving certain Pell equations.

Consider first the case where d = 1 (mod 4), d > 0 squarefree. Let
{z;,y;} be the positive solutions to z? — dy? = 44, so {xy,y,} is the
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minimal positive solution. The fundamental unit of the maximal order

of Q(\Vd) is
%((L’l + yl\/g)

The fundamental unit of the order of conductor f is

%(xE + yE\/E> = %(xE + y7Ef\/C_i)

where E is the smallest index ¢ so that f|y;. Recall that,

E
T+ Z/E\/E _ (371 + Z/l\/a>

2 2

Here the discriminants are Ag = d and A = f2d.
Now consider the case where d Z 1 (mod 4), d > 0 squarefree. Let
{z;,y;} be the positive solutions to z*> — dy* = +1. The fundamental

unit of the maximal order of Q(v/d) is
1+ Y V.
The fundamental unit of the order of conductor f is

xE+yE\/E:xE+y7Ef\/E

where E is the smallest index i so that f|y;. Here,
Tp + yE\/E = (ZB1 + yl\/E)E.

The discriminants are Ay = 4d and A = 4f2d.
The best general method presented here to find the regulator in the
order of conductor f of the quadratic field Q(\/E) consists of:

(1) Using the continued fraction method to compute the regulator
of the maximal order. This gives the minimal positive solution
to the Pell equation z? — dy? = £4 or £1. From this solution,
we can generate all solutions {x;,y;} to the Pell equation.

(2) Using theorems in the index of apparition of to find the minimal
index 7(f) so that fly,). As above, (2,5 + yypVd)/2 or
T (f)+Un( f)\/E is the fundamental unit in the order of conductor

f.
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The section “PQa algorithm” presents the continued fraction algo-
rithm, and the section “The regulator for quadratic fields” uses the
continued fraction algorithm to compute the regulator for a fundamen-
tal discriminant. The next section discusses what linear recurrence
relations are satisfied by the {y,} that are solutions to Pell equations.

Then two sections give theorems on indexes of apparition for odd
prime powers and powers of 2.

The section “Regulator for an arbitrary order” applies the theorems
on the indexes of apparition of prime powers to determine the index of
apparition of f, and so the fundamental unit of the order of conductor
f.

The final section gives an example.

Appendices give methods to speed up particular calculations.

3. PQA ALGORITHM

The PQa algorithm computes the (simple) continued fraction expan-
sion of the quadratic irrational (Py++v/D)/Qy for certain Py, Qo, D, and
it computes some auxiliary variables.

Let Py, Qq, D be integers so that Qg # 0, D > 0 is not a square, and
P} =D (mod Q). Set

A_2 - O7 A—l = 1,
B_Q — 1, B_1 — 0,
G_2 = —P07 and G_1 = Qo.
For 7 > 0 set
a; = {(Pz + \/E)/QZJ,
A = a;Ai + Aia,
B; =a;Bi_1 + B2,
Gi = a;Gi1 + G,
and for 7 > 1 set
P;=a; 1Q;1 — Py and
Qi=(D—P?)/Qi.
Each of these variables will be an integer for all indices for which they

are defined. A key output of this algorithm is the sequence ag, a1, as,



4 JOHN P. ROBERTSON

.. which gives the continued fraction expansion of & = (Py+v/D)/Qo.
That is,

(Py+VD)/Qo = ap +
a1 +
az + ———
1
as + —

The sequences {P;}, {Q;}, and {a;} are periodic. We write ¢ for
the smallest period, and note that if either Py = 0 and Q)9 = 1 or
Py =1and Qg = 2 then Pyy; = P, for i > 1, Qpr; = Q; for ¢+ > 0,
and apr; = a; for i > 1. A key to computing units is the fact that
P}, —DQ? = (-1)'Q3 =44 or £1.

See “Solving the Pell Equation”, Perron [13], or Mollin [12] for more

information on the continued fraction algorithm.

4. THE REGULATOR FOR QUADRATIC FIELDS

This section will give an algorithm for computing the regulator for
the ring of integers of the quadratic field Q(\/E) where d > 1 is square-
free.

We will exploit the equation

(1) €Ay = <G671 + Béfl\/a> /Qo = H PQ—E\/_

and the fact that for the starting values of Fy and )y that we will use
P,=PFPy 1 ;forit>1and Q; = Q,_; for 1 > 0.

Ifd =1 (mod 4), apply the PQa algorithm with Py = 1 and Qg = 2;
otherwise apply the PQa algorithm with By = 0 and Qg = 1. Stop
when either

Pjy1=Pjand j > 1, or
Qj+1 = Q.
Note that it is not necessary to keep all of the intermediate calculations;

it suffices to keep the last two rows at any step.
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Let
J
S = Zlog ((Pﬁ—\/a) /Qz) )
i=1
If Pjyy = Pjand j > 1 then ¢ = 25 and

Ra, = log(Q;/Qo) + 2S.

If Qj-i—l = Qj then ¢ = 2] +1 and

R, = log <<Pj+1 + \/C_i) /Qo) + 25.

While Gy and By_; might be too big to compute, for a given p“
it can be useful (see below) to have G,_; and B,_; modulo p®. While
running the PQa algorithm, you can compute the minimal nonnegative
residues of GG; and B; modulo p* at each step, and use the half-period
formulas below to finish the calculation.

If ¢ is even,

Gz_l = Bj_l(Gj + Gj_g) + (—1)jQO
= Bj_l(QGj — ajGj_l) + (—1)jQ0 and

By = Bj_1(Bj + Bj_2) = B;_1(2B; — a;B;_1).
If 7 is odd,
Gg,1 = Gij + ijlijl and

By = Bj + B .

In particular, these formulas can be used modulo 2 to determine
whether Gy_; and By_; are odd or even. When d = 5 (mod 8), this
tells whether €a,, is integers or half-integers.

In fact, for many purposes, it suffices to have B, ; modulo p®, and
it is not necessary to keep track of the G; to do this.

Note that the methods in this section actually work for any d > 0
not a square.

The method of computing the regulator follows that in Williams [14,
Section 4]. Faster methods are discussed in [14], [4], and [2, Sections
5.7 to 5.10]. The half-period formulas are from [11].
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Linear Recurrences for Pell Equations

Equation 22 —dy} a ¢ Minimum a
22 —dy? =1 +1 20, —1 4
22 —dy? = 1 -1 21 +1 2
22 —dy? =4 +4 rp —1 3
2?2 —dy? = +4 —4 r, +1 1

TABLE 1. For the given equation, y,+1 = ay, + cyn_1

5. LINEAR RECURRENCES FOR SOLUTIONS TO PELL EQUATIONS

The problem of finding the minimal positive y so that 2% — f2dy? =
+4 or +1 is equivalent to finding the minimal positive Y that satisfies
X? —dY? =44 or +1 and f|Y.

The problem of finding E so that ex = ego reduces to finding the
minimal index 4 so that f|Y; in the sequence of solutions {X;,Y;} to
the equation X2 — dY? = 44 or £1.

Because the solutions {Y;} satisfy certain linear recurrence relations,
the theory of linear recurrence relations can be brought to bear, and
we do that in the following sections.

The table “Linear Recurrences for Pell Equation” gives the linear
recurrence relations satisfied by solutions to Pell equations. In each

case, the sequence {y;} begins with yo = 0.

6. INDEXES OF APPARITION POWERS OF ODD PRIMES IN THE
SEQUENCE {y,}

The issue is what is the smallest j so that p|y; for p an odd prime,
t > 1, and {x,,y,} the sequence of positive solutions to z* — dy? = +1
or +4, with d > 1 squarefree. We denote the smallest such j by n(p'),
also called the index of apparition of p' in the sequence {y;}.

There are three cases to consider: (A) ply1, (B) pty; and p|d, and
(C) p1dy:.

For (A), if p"||y1, then for s = max(0,¢ —r), n(p") = p°.
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For (B) we need to consider p # 3 and p = 3. If p # 3, p|d, and

p 1y, then n(p') = p'.

If p =3, 3|d, and 3 1 y1, and 3"||ys (which will happen for some
r > 1), for s = max(0,¢ —r), n(3*) = 3571

For (C), p 1 dy,
=)

where s =2 if p=1 (mod4) or c = —1 and s = 1 if p = 3 (mod 4)
and ¢ = 1. In the latter case, (p - (%)) /n(p) is odd. If p"||y, ) for

n(p)

some r > 1, then n(p") is n(p)p® where s = max(0,¢ — r). That r need
not be 1 can be seen by taking d = 2285 and p = 13. Then 7(13) = 3
and 13%||y3 = 285610. See Appendix 2 for a reasonably efficient way to
find n(p).

For more on the theory behind linear recurrence relations and proofs
of the results used above, see “Linear Recurrences for Pell Equations”
at this website, or [8]. Additional references include [7, 1, 9, 3, 6].

7. INDEXES OF APPARITION FOR POWERS OF 2

There are several cases to consider when p = 2. If d = 1 (mod 4),
we consider only solutions to x? —dy? = 44, while if d # 1 (mod 4) we
consider only solutions to 22 — dy? = £1. We let {z1,y:} denote the
minimal positive solution to 22 — dy? = £4 or £1, as the case might
be.

The cases for p = 2 are as follows.

(1) If d =5 (mod 8), and 2% — dy} = —4, then
(a) If y; is odd, then z is odd, n(2) = 3, n(4) = n(8) = 6, and
n(2Y) =3-22 for t > 3.
(b) If y, is even, then y; =2 (mod 4), z; =4 (mod 8), n(2) =
1, n(4) =n(8) =2, and n(2') = 2!2 for t > 3.
2) If d =5 (mod 8), and 22 — dy? = +4, then
1 i
(a) If y; is odd, then z is odd, as are ys and xo. Let 27|ys,
where r > 3. For t < r, n(2") = 3, and n(2') = 3-2!"" for
t>r.



8 JOHN P. ROBERTSON

(b) If y; is even, then y; =0 (mod 8) and x; = 2 (mod 4). Let
2"|ly1, where r > 3. For t <r, n(2') =1, and n(2") = 2"
fort >r.

(3) If d =1 (mod 8) and z? — dy? = —4, then 2||y; and 8|x;. We
have 1(2) = 1. Also, 27||ys for some r > 4. If 1 <t < r then
n(2t) = 2. If t > r then n(2f) = 2071,

(4) If d=1 (mod 8) and 2% — dy} = +4 then 2"||y; for some r > 3
and 2||xq. If ¢ <7 then n(2') = 1. If t > r, then n(2") = 2!=".

(5) If d # 1 (mod 4), then

(a) If y; is odd then 27|ys for some r > 1. For ¢t > 1, if t <r
then n(2') = 2, while if ¢ > r then n(2) = 21",

(b) If y; is even, and 2" ||y;, then for 1 < ¢ < r, n(2") = 1, while
for t > r, n(2t) = 2.

For theory behind these results, see the articles cited at the end of

the previous section.

8. REGULATOR FOR AN ARBITRARY ORDER

If f=T]I-,p" is the canonical factorization of f and k(p;*) is the
index of apparition of p}“, then the index of apparition of f, E = E(f),
is the least common multiple of k(p{"), k(p3?), ..., k(p2"). It is a
theorem that £ < 2f.

The regulator of the order of conductor f in the quadratic field
Q(Vd) is F times the regulator of the maximal order. Of course,

N(GA) = N(GAO)E.

9. AN EXAMPLE

As an example of the above algorithms, we compute the regulator
of the order of conductor f = 3,691,878,903,900,000 = 2°-3°-5°-112.
292 . 1493 in the quadratic field Q(v/d) for d = 97045 = 5 - 13 - 1493.
Observe that d =5 (mod 8).

Applying the PQa algorithm with D = 97045, Py = 1, and Qg = 2,
we find that Qy = Qo1 = 18, so £ = 41. This tells us that 22 — dy? =
—4.
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Then

20
S=> log((P;+ VD)/Q;) = 21.90145 ... ,s0
=1

Ra, = log ((P21 + \/E> /Qo) +28
= log ((311 + m) /2) +2-21.90145 = 49.54353 . ..
Applying the PQa algorithm modulo 32 = 25, we find that
Big =By =5 (mod 32)

and so
By =5>+5"=18 (mod 32).

As such, 2||ly;. Because 2197045, by (1)(b) above, n(2°) = 8 = 23,

Applying the PQa algorithm modulo 3° gives x; = 192 (mod 3°)
and y; = 167 (mod 3°), so 3 1 y;. We have 97045 = 1 (mod 3) so
(4) =1 and 7(3)|(3 — 1), hence n(3) = 2. Then y, = z1y; = 192 167
(mod 3%) and 3||y2. From this we have that 7(3°%) = 162 = 2 - 3*.

Applying the PQa method modulo 5° gives y; = 1375 (mod 5°) so
53|ly;. That n(5°) = 25 = 52 follows.

Applying the PQa method modulo 11% gives z; = 117 (mod 11?)
and y; = 104 (mod 112) so 11 { dy;. Because () = 1, possibilities
for n(11) are 2 and 10. By direct computation, 11 t y» and 30 = 99
(mod 121) so n(11%) = 110 =10 - 11.

Applying the PQa method modulo 29% gives z; = 222 (mod 29?)
and y; = 472 (mod 29%) so 29 { dy;. Because (2%) = —1, the only
possibilities for 1(29) are 3, 5 and 15. By direct computation, 29 1 ys,
20§ y5 and y15 = 348 = 1229 (mod 841) so 1(29%) = 110 = 15 - 20.

Applying the PQa method modulo 1493 gives y; = 42 (mod 1493)
so 1493 1 y;. Because 1493|d, 1(1493) = 1493.

Taking the least common multiple of the several n gives
E=2.3".5%.11-29.1493 = 7,715, 525, 400.

Finally,
Ra = ERA, = 382,254, 359,264.06. ..



10 JOHN P. ROBERTSON

Please direct comments or questions to jpr2718@aol.com.

10. APPENDIX 1: FAST COMPUTATION OF

If k is “small” it is straightforward and reasonably fast to just directly
compute y,. If k£ is large, we can use a routine analogous to right-
to-left binary exponentiation to compute g, with a number of steps
proportional to In(k). If p is odd, the calculations below can be done
modulo p to compute y; modulo p (where division by 2 is called for
below, instead multiply by (p + 1)/2).

Let {y;} satisfy the recurrence relation y,1 = ay, + cy,—1 (so a = xy
or 2zy and ¢ = +1). We need two auxiliary sequences, ug = 0, u; = 1,
Upp1 = QU + CUp_q, and vy = 2, v1 = a, Vpy1 = av, + cv,_1;. Then
Yr = y1u,. For D = a? + 4c we have that v — Du? = 4(—c)". This
gives us the relations

U1 = (W01 + u10,) /2, Upyg = (10, + wu1 D) /2,

Ugy = Vphy, and vo, = (V2 + du?)/2.

With that background, here’s the algorithm to compute wug. Set
21 =2, 20 =0, w; = a, wy =1, and n = k. Repeat the following until
n =0.

If nis odd, set 2] = (z1wy + 20we D) /2, 29 = (zywy +
zowy)/2, z1 = z. Whether or not n is odd, set w] =
(w? + Dw3) /2, wy = wywsy, wy = w}. Set n = |n/2].

When n =0, z5 is uy.

11. APPENDIX 2: INDEX OF APPARITION FOR PRIME p > 2, p{ dy;

In this appendix we discuss a method for finding the index of ap-
parition kg of an odd prime p that does not divide dy,. Then

=t (2)

Let k = [[;_, ¢ be the canonical factorization of k. Then kg =
[T, ¢ where 0 < 3, < a; for 1 < i < n. If j = [[, ¢ where
each 7; equals either (3; or a; (we really just need ~; > ;) then p|y;.
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Here’s a way to determine the (3; one by one. Start with setting
k' = k. For each ¢; in turn, do the following.
Step 1: If ¢; 1 k' go to Step 4 (of course, ¢; will divide &’ the first time
you come to this step for a given ¢;).
Step 2: Set k" = k'/q;.
Step 3: If ¢;|yxr, set k' = k" and return to Step 1.
Step 4: Go on to the next g;, if there is one.

When all ¢; have been done, ko = £’

The method of Appendix 1 can be used to calculate y,» modulo ¢;
quickly.

This method essentially starts with «; and keeps subtracting 1 until

B; is found. For large «, it would be faster to use a binary search to
find ;.
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