BEST APPROXIMATIONS OF D
JOHN ROBERTSON

ABSTRACT. For D > 0, not a square, we show that there are best
approximations of the first kind to v/D that are not convergents
to the simple continued fraction expansion of vD. We also show
that if a/b is a best approximation of the first kind to v/D then
la®> — Db?| < D.

1. INTRODUCTION

Our main goal is to prove that there are best approximations of
the first kind to v/D that are not convergents to the simple continued
fraction expansion of v/D. Specifically, we will show that if {t,u} is
any solution to 22 — Dy? = 1, then for 0 < j < v/D — 1

Du + jt
m T
is a best approximation of the first kind to v/D and is not a convergent
to the continued fraction expansion of v/D. Similarly, if D > 5 and
{t,u} is any solution to 22> — Dy? = —1, then for 1 < j < VD, (1) is a
best approximation of the first kind to v/D and is not a convergent to
the continued fraction expansion of v/D.

We also show that if a/b is a best approximation of the first kind to
VD then |a*> — Db?| < D.

2. PQA ALGORITHM

We make great use of simple continued fractions below. The PQa
algorithm computes the (simple) continued fraction expansion of the
quadratic irrational (P + \/5) /Qo for certain Py, Qy, D, and it com-

putes some auxiliary variables.
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Let Py, Qq, D be integers so that Qg # 0, D > 0 is not a square, and
P? = D (mod Qo). We are mainly interested in v/D, so for all of our
applications below, Py = 0 and (g = 1. Set

Ao=0A41=1,

B_Q — 1, B_1 — 0,

Gfg = —Po, and G,1 = Qo.
For ¢ > 0 set

a = |(P+VD)/Qi|.

A = a;Ai_ + Ai_a,

B; = a;Bi_1 + B;»,

Gi = a;Gi1 + G,
and for 7 > 1 set

P, =a; 1Q;1 — Py and

Qi = (D - P?)/Qi-1.

Each of these variables will be an integer for all indices for which they
are defined. A key output of this algorithm is the sequence ag, a1, as,

... which gives the continued fraction expansion of & = (Py+v/D)/Qo.
That is,

(P +VD)/Qo = ay +

a; +
as +
a3+

We write (ag, aj, as,...) for this continued fraction expansion. The a;
are the partial quotients of &.

Also, for i > 0, set & = (P, + V/D)/Q; so the conjugate of & is
& = (Pi—VD)/Qi. Set € =& and € = &. The & are the i-th complete
quotients of £&. These much-studied variables have many interesting

properties, of which we list just a few.
e Forv >0, a; > 0.
e Each of the sequences {a;}, {P;}, and {Q;} is eventually pe-

riodic. Specifically, there is a least nonnegative integer io and
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a least positive integer ¢, the length of the minimal period, so
that for any integers ¢ > ig and k > 0, a0 = a3, Piyxe = B,
Qivre = Qiy and iy = &

e Fori>iy, 0< P <+vD,0<+vVD—-P, <Q; <VD+P,
Qi <2 {\/EJ

e For i > 149, if Q; # 1 then a; < v D, while if ¢); = 1 then
VD < a; < 2v/D.

e For i > iy, & = (P, +v/D)/Q; is reduced, which means that
&>1land —1 <& <0.

© Qi =Qio—a,_1(P,— P) fori>2.

e (G, = QoA; — PyB; for i > —2.

3. BACKGROUND

A best approximation of the first kind to a real number « is a rational
number a/b with b > 0 so that if ¢/d is any other rational number with
0 <d<bthen |a/b—a| <|c/d— al.

In contrast, a best approzimation of the second kind to a real number
« is a rational number a/b with b > 0 so that if ¢/d is any other rational
number with 0 < d < b then |a — ba| < |¢ — da|. We will not discuss
best approximations of the second kind beyond noting that a/b is a best
approximation of the second kind to « if and only if /b is a convergent
to the continued fraction expansion of a.

If a/b < ¢/d are rational numbers with b > 0 and d > 0, then their
mediant is (a + ¢)/(b + d) and it is not difficult to see that a/b <
(a+c¢)/(b+d) < ¢/d, and similarly that for j > 0,

By general properties of convergents to the continued fraction expan-
sion of any irrational number « and mediants, we have the following

inequalities:
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A A+ A 24, +A A+ A A
(2) Ao _ 1+ 0 1+ 0<___<a2 1+ 0o _ A2
BO Bl+BO 281+BO GJQBl—'I_BO BQ
As + A 245+ A As+ A A
< 3+ 2 o 3+ 2<_._<Cl4 3t Az _ A4 ca
Bg—i-Bg 233—|—BQ G4Bg+BQ B4
A A+ A 244+ A A+ A
(3) Oé<...<_5:a54—+3<...< 4t 3< 4t A3
B5 CL5B4+B3 2B4+B3 B4+B3
é _azAy + Ay 3 2+ A1 A+ Ay é

= < e < < <
B3 CL3B2 + B1 2B2 + B1 Bz + Bl B1

The denominators satisfy the following inequalities:

(4) By<Bi<Bi+By<2Bi+By<---<ayB; 4+ By= By
< By+ B <2By+ B <---<az3By+ By =B3 < ---

The numerators satisfy corresponding inequalities, except that Ay <
A
From the combination of equations (2), (3), and (4), we have that
for 1 <j < a1
JAi + Ay
JBi+ Bi

is a best approximation to « if and only if

—

JA + A
JBi + Bi

<‘é_
B

and that if
JAi+ Ai
JBi+ Bi
is a best approximation to « then
kA; + A
kB; + B;_4

is a best approximation to « for all k£ such that j <k < a;11.
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4. SOME BEST APPROXIMATIONS TO D

We will show that if {¢,u} is any solution to z* — Dy* = 1, then for

0<j<vD-1
Du + jt

t+ ju
is a best approximation of the first kind to v/ D and is not a convergent

to the continued fraction expansion of v/D.

First note that if t? — Du? = 1 then t = Ay, and u = Bys_, where ¢
is the length of the period of the continued fraction expansion of v/D,
k(¢ is even, and A;/B; are the convergents. For the partial quotients
(P, +vD)/Q;, we have Py = 0, Qy = 1, Py = |VD], and Qp = 1.
Formulas (16) and (17) of [3, p. 70] tell us that:

Ai1Qo — BioaFo = By P + Bi_2Q);

DB 1 = (Ai1 P+ Ai 2Qi)Qo — (Bi-1 P + Bi2Q;i) Fo
Applying this with i = k¢ to the continued fraction expansion of v/ D
gives us that

Du = [VD] A1+ Apes
and
t = |VD|Byo1 + Breo.
To show that Du/t is a best approximation all we have to do is show
that

D t
7E—VD<:——v4
u
First, because t? — Du®? =1, t/u > /D and
t t
L_vpl=Lt_VD
u u

Also, (Du)? — Dt? = D(Du? — t?) = —D so Du/t < /D and
D D
o @’ -VD- =

Clearly
(t —uvD)? >0
SO

2 — tuvV/'D > tuv/D — Du?,
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t t D D
--@‘:__@>@__“—T“_@‘
u

U t

as was to be shown.
Similar arguments can be used to show that

Du—t
‘ = —\/5‘> ——\/5’
t—u U
When t? — Du? = —1, similar arguments can be used to show that
D t
=2 _VD|>|--vD
t U
and
Du—+t t
—VD| < |—-—=VD
Y|V

which is sufficient to establish our claims that the fractions listed are
best approximations when ¢ — Du? = —1.
The best approximations considered above are not convergents be-
cause
t =aBj_1+ Bji—2

for a = L\/BJ and some j > 0, and so
ng,1 < mng,1 + ng,Q < ng

when a < m < 2a = ajp. So the denominators of these best approxi-
mations are not denominators of convergents.

Here’s an example of a best approximation of the first kind to v/1105
that is not a convergent or based on a solution to % — 1105y? = £1.
For v/1105, ¢ = 5, A, = 133, Ay = 33, B; = 4, and B, = 1. We have
that 565/17 = (4 - 133+ 33)/(4 -4 + 1) is a best approximation that
is clearly not of the form (kAs;_1 + Asj_2)/(kBs;j—1 + Bsj_2) for any
J = 0 and any k with 0 < k < as;.

5. A PROPERTY OF BEST APPROXIMATIONS

We prove that if a/b is a best approximation to v/D then |a?— Db?| <
D.
By the above, any best approximation is
rA; + Aoy
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for some 0 <r < a;41
We have

(5) (TAZ + Ai—1)2 - D(T’Bz + Bi—1)2
=r?(A? — DB} + 2r(A;A;_1 — DB;B;_,) + A} | — DB? |
= TQQi+1(_1)i+1 + 2TPi+1(_1)i + Qz’(_l)i
= (=) (r*Qip1 — 2rPry — Qy)
where
AiAi1 — DB;B;_y = Py (1)
is easily established by induction.
The derivative with respect to r of the quadratic polynomial

(6) f(r) = TzQz‘H —2rPi — Qi

which appears in the last line of (5), is

f(r) =2rQix1 — 2Py

Hence the minimum value for f(r) occurs at r = Piy1/Q;11 and is
P?
f(Pis1/Qiv1) = Qtill + @;. Note that
Py
0 < < Ajy1-
Qiy1

To see that |rA; + A;_1)? — D(rB; + B;_1)? < D, for 0 < r < a;41,
it suffices to verify this for r = 0, r = a;41, and r = P11/Q;+1 (the
endpoints of the interval of interest and point where the quadratic
function takes its minimum value).

If 7 = 0, then |f(r)| = |Qi] < 2 WEJ < D.

Ifr=a;;1, thenrA; + A; 1 = A;y1 and rB; + B;_1 = B;,1, S0

fr)= A?ﬂ - DBZ‘2+1 = (_1)i+2Qz’+2-
Whence |f(r)| = |Qiy2] < 2 {\/EJ <D.
At r = Pii1/Qis,

Pz'2
1f(r)] = [7?Qiy1 — 2rPiy — Qi] = 'H + Q.
Qerl

But we have
D S DQ’i+17
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SO
P)z?—&—l +4{D — Pz'2+1} < DQit1,
SO
P¢2+1 + QiQir1 < DQiyr,
SO P2
it
—+@Q; <D
Qi1

which is all we need to complete the proof.
Note that equality occurs if and only if ();11 = 1.
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