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ABSTRACT. We present some theorems on indexes of apparition
of primes, prime powers, and composites in the sequence {y,} of
solutions to z2 — dy? = £1 or +4.
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1. INTRODUCTION

The v,, for consecutive solutions to the Pell equations 22— Dy? = £1,
+4 satisfy linear recurrence relations. For example, solutions to the
equation 22 — 2y? = %1 are given in Table 1. Here 4,41 = 2yp, + Yn_1,
so, for instance 12 = 2 -5 + 2. The linear recurrences satisfied by the
yn for the Pell equations we consider here are given in Table 2.

This article has two main goals:

Prove the facts about indexes of apparition used in the
algorithm in the article “A Fast Algorithm for the Reg-
ulator of a Quadratic Order”. This algorithm exploits
the properties of linear recurrence relations to give a fast
algorithm to derive solutions to 22 — f2dy? = £1, or 44,
from solutions to a2 — dy? = +1 or +4.

Prove that F < 2f where E satisfies e = ¢, € is
the fundamental unit of the ring of integers O of the
quadratic field Q(v/d) (d > 1 squarefree), and ¢ 7 is the

fundamental unit of the order of conductor f in O.

Along the way, we present material on linear recurrences related to

Pell equations that is of interest in its own right.

Date: February 28, 2009.
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Solutions to x2 — 2y? = *1

n Ty Yn x?z - 2%%
1 1 1 -1
2 3 2 +1
3 7 ) -1
4 17 12 +1
5 41 29 -1
6 99 70 +1
7 239 169 -1
8 577 408 +1
9 1393 985 -1

10 3363 2378 +1

TABLE 1. Yn+1 = 2Yn + Yn—

Linear Recurrences for Pell Equations

Equation 27 —dy? a ¢ Minimum a
2?2 —dy? =1 +1 2, —1 4
2 od =+ -1 2y +1 2
2?2 —dy? =4 +4 rp —1 3
22 — dy? = +4 —4 1 +1 1

TABLE 2. For the given equation, y,4+1 = ay, + cy,_1

There is nothing that is essentially new here. T'wo classic papers that
include most of this material are [1] and [6]. Other related classic papers
include [4, 5, 7]. Of course, [2] has a lot of this material. Ribenboim
[8, Chapter 1] discusses most of this and many more related results.
We hope the focus on Pell equations and units in quadratic orders is
helpful to readers interested in these topics per se.
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2. GENERAL THEOREMS ON LINEAR RECURRENCES

We consider the recurrences ug = 0, u; = 1, w41 = au, + cu,_q
where c =1 or —1,a > 1 when ¢ = 1, and a > 3 when ¢ = —1. We
also use a related sequence vy = 2, v; = a, v,11 = av, + cv,_1. Define
A = a® + 4c. For the a and ¢ we are considering, A > 5. Note that
if the sequence {y,} satisfies yo = 0 and y,.1 = ay, + cy,_1 for r > 1,
then vy, = yqu, for all r > 0.

One characterization of the sequences {u,} and {v,} is in terms of
the roots a, 3 of 22 — ax — c. Let

a+va*+4c a— a2+ 4c
a=———"—andf=—F""—.
2 2
Then
1) a+f=a af=——c=T1, a—F=VA, (a—0F)?=A,
aT _ /6”'
2 = ’
&) w=t0
and
(3) v, =a" + .
One relation these two series satisfy is
(4) U,,? — Aug =4(—c)".

This is easily proved using (2) and (3) or by induction. Using (1), (2),
(3), we have that

1 1
(5) Ur + UT\/Z = ﬁ(vl 4+ Ul\/Z)T = ﬁ(a + \/Z)T
because each is equal to 2a”. In particular, if m/v = s is an integer,
then

(6) Uy, + um\/Z = L(UV 4 UV\/K)S

25—1
and so if s is odd then

1
1 nem g (s (s

+ ( s >UZUS2A(33)/2+USA(31)/2)
s—9) vV v
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and if s is even then

1
(8) Uy, = o1 ((i) Uiflu,, + (;) Uif3uiA + ..

i S VIt BAE/2 S ot TAG2/2 )
s—=3) """ s—1 v

(9) Uy = VpUy.

In particular,

Another relation between the series {u;} and {v;} is that for m <n
(10) UpUm — UV = 2(—¢) " Uy
This is easily proved using equations (2) and (3) and a5 = —c.
Theorem 1. ged(v,, u,) < 2.
Proof. By (4), if g = ged(v,,u,) then ¢g2|4, so g =1 or 2. O
Theorem 2. If vim then u,|u,,

Proof. From (2), we have that

Um m—v m—2v Qu m—3v Q2v m—v
= =a""+a PB4 QT 4 B
The right hand side is a symmetric polynomial in o and 3 with integral

coefficients, and so is an integer. 0
Theorem 3. If v = ged(m,n) then ged(um, un) = .

Proof. Because v|m and v|n, by Theorem 2 u,, |u,, and u, |u,, so u,| ged(wp,, uy,).
It now suffices to show that ged(uy,, uy,)|u,.

There are r, s > 0 so that rm — sn = v. Then by (10) |tpmvs, —
UsnVrm| = 2u,,. For odd primes p so that p'| ged(um,, u,), p*|u,, because
U |Upp, and Uy |Ugy,. It remains to show that if 2'| ged(uy,, u,) then
2 u,.

Suppose that 2||u, with ¢ > 2. Then by (4), 2!||v,. Assume s = m /v
is odd (one of m/v or n/v is odd). Then in (7)

Y| v

and 2! divides the remaining terms. So 2'||u,,. Hence if 2"| gcd (ty,, u,,)
then r <t and 2"|u,.

Uy
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If 2'||u, and a is odd, then ¢ = 1, A is odd, and 4|v,, as can be seen
by testing a few cases modulo 4. Assume s = m/v is odd (again, one

of m/v or n/v is odd). Then in (7)

1 S S—
21||FUVA( 1)/2
and 4 divides the remaining terms. So 2!{/u,,.
If 2!||u, and a is even, then a = 2 (mod 4), 2||v,, and 8|A. Then in
(7)
1 1

24| 5o SU5 Uy,

and 4 divides the remaining terms (because 8|A). So 21| u,,.

If u, is odd and a is odd, then 3 1 v and assuming 3 m, w,, is odd.

If u, is odd and a is even, then v is odd and assuming m is odd, u,, is
odd. O

Theorem 4. If r|ug, rtu; for 1 <i <k, and r|u,,, then k|m.

Proof. Let v = ged(k,m). Then v < k, u, < uy, and u, = ged(ug, Up,).
As r|ug, and r|u,,, we have that r|u,. Asr{u; for i <k, u, = ug, and

SO U | Uy O

3. INDEXES OF APPARITION FOR ODD PRIMES

A fundamental classical theorem is

Theorem 5. For any odd prime p, u, = s (mod p) and p|u,_s where
s = (%), and (f) 1s the Legendre symbol.

These results are cited in [2, pp. 394, 396]. See also [1].

Proof. Expanding (2) using the binomial theorem gives, for r odd,

1
e () (e
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and for r even

1 r r—1 r r—3
R P NG S R PN EA
r—3 r—1

If p|A, then by (11), p|u,, because p divides all of the binomial
coefficients except the last, and p divides the last term.

If pt A, then consider (12) for r = p + 1. Then p divides all of the
binomial coefficients except for (lerl) and (pzl). Thus

1 1 A
2Pupy1 = (p—i— )ap + (p—; )aA(pl)/Z =a (1 + (;)) (mod p).

If (%) = —1, plupsq. If <%> = 1, then, because 2P = 2 (mod p),
2up1 = 2a  (mod p),
and so u,+1 = a (mod p). By (11), u, =1 (mod p). Because
Upy1 = AUy + CUp_1,
we have cu,—1 =0 (mod p), and so u,_; =0 (mod p). O

In fact, by (11), if p1 A then
A
(13) u, = AP~1/2 = (—) (mod p).
p
We extend the above classical theorem slightly by

Corollary 1.
(a) If c =1 and (A/p) =0, then p =1 (mod 4), up—1 = ups1

(mod p), and u?

21 = —1 (mod p). In particular, v, ; # £1

(mod p).

(b) If c =1 and s = (A/p) = £1, then up_1_5 = Upr1-5s = S
(mod p).

(c) If c = =1 and (A/p) = 0, then a = 2 (mod p). If a =
2 (mod p) then u,—y = —1 (mod p) and u,y1 = 1 (mod p).
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If @ = —2 (mod p) then uy—y = 1 (mod p) and u,yy = —1
(mod p).

(d) If c=—1 and s = (A/p) = £1, then uy_;_s = —1 (mod p)
and up41—s = 1 (mod p).

To prove this corollary, the following lemma relating u;_; to u; will
be useful

Lemma 1. If uy =0 (mod m) then
(14) up_; = (—¢)" M up_qu;  (mod m)
for 0 <1< k.

Proof. The lemma is true for i = 0 because m|u, and vy = 0. When
1=1,
up-1 = (=) up_1uy

2 — 4, = 1. Assume it’s true for i — 1 and ¢, and we’ll

because (—c)
show it’s true for ¢ + 1. We will use the facts that (—c)? = ¢* = 1.
From

CUp—1 = —QUp + Upq1
we have that
(15) Up_1 = —aCU, + ClUypyq.
By the inductive hypothesis for i,
(16) Up—; = (—¢)"Mup_1u;  (mod m),
and by the inductive hypothesis for ¢ — 1
(17) Up—(i—1) = Up—it1 = (—c)"up_1ui—1  (mod m).

Starting with (15), substituting using (16) and (17), and simplifying,
we have
Ug—i—1 = —ACU[—; + CUK—j+1

+1

= —ac(—c)" M up_1u; + o —c) up_1ui

= a(—c) ™ up_u; + o(—c) up_1ui

= w1 (—c)""(au; + cu;_y)
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= Uk—l(_C)H_zUH—la

where the congruence is modulo m. O

We return to the proof of Corollary 1, beginning with (a). That
p =1 (mod 4) follows from the fact that p|A = a? + 4. Because

Upy1 = AUy + Up_

and plu,, we have u, 11 = up—; (mod p). Applying Lemma 1 with k = p
and 1 = p — 1 gives

uy = (—1)Pu2_;  (mod p)

so 1= (—1)u}_; (mod p) and u? | = —1 (mod p).

For (b), upt1—s = aup_s + up_1—s and pluy—s SO Uppi_s = Up_1—s
(mod p). By (13), u, = s (mod p). If s =1, then u, = u,41_, while if
s = —1, then u, = u,_1_.

For (c), A = a®>—4,s0a?> —4 =0 (mod p) and a = +2 (mod p).
If @ =2 (mod p), by an easy induction, u; =i (mod p) for i > 0, and
so u,—1 = —1 (mod p) and u,41 =1 (mod p). If a = —2 (mod p), by
induction, u; = (—1)"i (mod p) for i > 0, and so u,—; = 1 (mod p)
and uy4; = —1 (mod p).

For (d), as above, u,—s = 0 (mod p) and u, = s (mod p). From
Upti—s = QUp_s — Up_1—5 We get Upy1_s = —Up_1—s (mod p). If s =1,
then upi1-5s = up, = 1 (mod p). If s = —1, then up1-5s = u, = —1
(mod p). This completes the proof of Corollary 1.

Define k(m) (= k(m,a,c)) to be the smallest index ¢ so that m|u;.
We will refer to k(m) as the indez of apparition of m. While Theorem
5 shows that k(p) < p + 1, this bound is sharpened by the following
theorems.

Theorem 6. Let p be an odd prime and let s = <%). If s = +1 and
either c = —1 or p =1 (mod 4) then (p — s)/k(p) is an even integer,
and in particular, kK(p) < (p—=s)/2. If s ==+1, ¢ =41, and p = 3
(mod 4) then (p — s)/k(p) is an odd integer.

Proof. By Lemma 1, if u;, = 0 (mod p) and k is even then

(18) k2 = (=) * M ug_qugy  (mod p)
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and so
(19) p | uiss (=) — 1)

Consider now the case where s = +1 and ¢ = —1. By Theorem
5, pluy—s and by Corollary 1, for k = p — s, up—y = —1. Then, by

(19), plurj2(—2), and so plugs. This implies that x(p)|k/2, and so
(p — s)/k(p) is even.

Now we look at s = £1, ¢ = 1, and p = 1 (mod 4). Again, p|u,_s,
but here, for k =p—s, up_y =s. If s=1then k/24+1=(p—1)/2+1
is odd and if s = —1 then k/2+1 = (p+1)/2 + 1 is even. In either
case

(=) 2y — 1= (=D —1= -2,

So, plug/2(—2), and it follows that p|ug/, and (p — s)/k(p) is even.
Now suppose that s = £1, ¢ = 1, and p = 3 (mod 4). As above,

pluy_s, and for k = p — s, up_; = s. We have that (—1)¥/?*1s = —1, 50
by Lemma 1
(20) Ukj2—1 = (—1)k/2+15Uk/2+1 = —Ugj2+1 (mod p).

If up, = 0 (mod p) then from wuy/oi1 = aug/s + upjo—1 we have that
Ukja41 = Ukje—1 (mod p). In light of (20), ugo41 = ure—1 = 0
(mod p), so p divides the three consecutive terms wy/o11, U2, Uk/2-1,
and p divides all subsequent terms. But, p does not divide u,, so p
cannot divide u/, and (p — s)/k(p) cannot be even. O

We do not necessarily have pl|ug). For example if a« = 8010 and
¢ =1 then k(11) = 12 and 11*||u;». But, we can say a bit more.

Theorem 7. Let p be an odd prime. If p|A then k(p) = p. If p|A
and p > 3, then pllu,. If p > 3 and p"|A for r > 1, then u, = p
(mod p™™). If 3"|A forr > 1 then uz = 3 (mod 3"). In particular, if
9|A then 3|us.

Comment: If 3||A then it can happen that 3"||us for » > 1. For
example if @ = 244 and ¢ = —1, then A = 59532 = 22 -3 -112-41 and
35||uz = 59535 = 3° - 5 - 72,
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Proof. That k(p) = p follows from Theorem 5. Consider (11) with
r = p. Because gcd(a,p) = 1, the term (11’) aP~! is divisible by p and
not by p%. If p > 3, then each of the remaining terms in the binomial
expansion is divisible by p?, so pllu,. If p > 3 and p"|A, then p"*
divides all terms in the binomial expansion, except the first. So, we
have
201y, = pa?~!  (mod p"tth).

Because p'|A, a? = —4c (mod p"), so

= (=)"T 2" (mod pt).

Now, (—C)% = 1 because if c =1 and p = 3 (mod 4) then p{ A. So,
u, = p (mod p"*1).
If 3"|A for r > 1, then ¢ = —1 (because 31 a*+4), a®> =4 (mod 3")
and
s — i(i’)az +A).
If r = 1 then if > + A/3 =0 (mod 3), 3'|us for some t > 2. If r > 1,
then uz3 =3 (mod 37). O

4. INDEXES OF APPARITION FOR POWERS OF ODD PRIMES

Theorem 8. If p is an odd prime and p"||k(p) then x(p') = k(p) if
t <r and k(p') = p""k(p) if t > r.

Proof. This follows by induction from the fact that if p||u; for some
t > 1 then p"|upk, and p'™ fuyy for 1 < j < p, as we now show.
Consider (7) with s = p and v = k. Then

(e

and p'™? divides the remaining terms of 27 tuy,. Thus p'*|u,,. If

t+1
p

P Hujy for j < p then p™*tuy because k = ged(jk, pk). But p'llug. O
When p > 3 is prime and p|A we can be more specific about x(p").

Corollary 2. If p > 3 is prime and p|A then k(p') = p'. If 9|A then
k(34 = 3.

Proof. By Theorem 7, k(p) = p and p||u,. O
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5. INDEXES OF APPARITION FOR POWERS OF 2

Theorem 9. If a is odd and ¢ = +1, then k(2) = 3, k(4) = k(8) = 6,
k(20) =3-272 fort > 2.

If a is odd and ¢ = —1, then 2"||uz for some r > 3, k(2') = 3 for
t<r,and k(2") =3-2"" fort >r.

If a is even, and 2"||a, then k(2') = 2 for t < r and x(2) = 20"+
fort>r.

Note that for a even, we have the same rule for ¢ = +1 and for

¢ = —1. To prove this theorem, we start with a lemma.
Lemma 2. Ift > 2 and 2'||u, then 27| uy,.

Proof. By (9), ug, = vyu,. If t > 2 and 2'||u, then by (4), 2||v,, so
2t+1||U27». [

Now we return to the proof of the theorem.

Proof. The most straightforward way to prove statements in the theo-
rem for u, for particular r is just to run through all the cases modulo
2! for a suitable ¢. That said, we’ll give proofs for the needed cases.

If a is odd and ¢ = +1, then a*> = 1 (mod 8), so uz3 = a*+1 = 2
(mod 8), k(2) = 3, and x(4) > 3. From the definition of the series {u, }
we have that

ug = a’ + 4a* + 3a = a(a’ + 4a® + 3)

Asaisodd,a’ =1 (mod 16),a?> =1 or 9 (mod 16), 4a*> = 4 (mod 16),
SO
a*+4a>+3=1+4+3=8 (mod 16)
and
a(a* +4a® +3) =8 (mod 16).

This establishes that x(4) = x(8) = 6 and 23||ug. For ¢ > 3, Lemma 2
establishes k(2) = 3 - 2072,

If a is odd and ¢ = —1, then, as above, a? = 1 (mod 8), so uz =

a’> —1=0 (mod 8) and 2"|uz for some r > 3. By Lemma 2, for ¢t > r,
K(2) =3 207,
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If a is even then vy = a® £ 2, 50 vy = 2 (mod 4). As uy = a, 2|us.
Let 2"||ug for 7 > 1. By (9) 2""!||uy, and by Lemma 2, x(2') = 2t-"*1
fort > r. O

6. INDEXES OF APPARITION FOR ARBITRARY INTEGERS

Proofs of the theorems in this section will use the following facts.
First, for m = [[;_, p", where the p; are distinct primes

(21) k(m) =lem (k(pi"), £(P3°), - - -, £(PR"))-
Second, by Theorems 8 and 9, if p is prime then

k') _ k()

Pt P

(22)

Finally, if the h; are even, then

1
anl

(23) ICHl(hl,hg,...,hn) hth...hn

where the right hand side is an integer.
Theorem 10. When c =1
(24) k(m) < 2m.

Equality holds if and only if m = 6P, p|A for every prime p|P, and
a=1or5 (mod 6).

Proof. Write m as a product of primes

(25) m = 2% ﬁp?" ]n_[ a4’ ﬁ s
i=1 k=1

j=1
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where k(p;) = p; + 1, k(g;) = ¢;, and k(ry) < ri. Then

(26)
K(m) < lem (K(2),p1+ 1, pny + 1,G1, -+, Guys K(71), -+, K(T3))
m 2P1 - Pyl - Qg1 - - T
< k(2)lem (pr+1,p2+ 1,0 00y + 1) 1Ga - - - @y 6(r1)K(r2) -+ - K(Tny)
- 2 D1P2 - - - Pny 4142 - - - Qn, 7T .. Ty
_r@lem(pr+1pa+ 1. pa +1)
-2 D1P2 - - - Pny
CE@pitlpp 1 pa +1 K2 p At
T2 p1 2p 2pn, T 2

(where if ag = 0, drop the obvious terms related to the prime 2). Now,
k(2) <3and (p1 +1)/p1 =14 1/p;1 <4/3,s0 k(m)/m < 2.

We’ll prove the necessity and sufficiency of the remaining conditions
in more detail for this theorem than for the similar subsequent theorem.

First we show the necessity. We can have x(m)/m = 2 only if 6|m,
k(2) =3, and k(3) = 4. If kK(2) = 3 then a is odd and if x(3) = 4 then
3ta,s0a=1orb (mod 6).

Let 2!3%|m for some t,s > 1. If 2!|m for ¢ > 2 then either x(2') < 3-
272 and k(2") /2! < 3/20r k(2') = 3-2'"1 and lem (k(2Y), K(3%))/(2!3%) <
2.If 3°|m for s > 2 then either x(3%) < 4-32 and k(3%)/3° < 4/3 or
k(3%) = 4- 371 and lem (k(2%), 5(3%))/(23%) < 2.

For all primes p so that p|P, we need to have k(p)/p = 1, so p|A.

Now we prove the sufficiency of the conditions. With a = 1 or 5
(mod 6), k(2) = 3 and k(3) = 4. For primes p so that p|A, x(p") = p'.
It follows that k(m)/m = 2. O

Note that in the Theorem above since a is odd, for any prime p so
that p|A =a*+4, p=1 (mod 4).

Theorem 11. When ¢ = —1

(27) K(m) = 5 or k(m) < m.
In the first case
(28) w(m) = 22
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if and only if m = 2P where P is odd, 31 P, a is odd, and p|A = a®>—4
for every prime p|P.

In the second case, kK(m) = m if and only if p|A for every primep > 3
so that p|m and either 6|m, ged(m/6,6) = 1, and a = 3 (mod 6), or
6|A, if 4m then a = 2 (mod 4), and if 9|m then a # £1 (mod 9).

Proof. The proof of this theorem is similar to the one above. Because
¢ = —1, for any odd prime for which pt A, k(p')/p' < (p+1)/2p < 1.
We still have that x(2) = 3 if and only if a is odd. O

Many additional characterizations of possible ratios for x(m)/m are
possible, as illustrated by the following lemma which gives just two

more.

Lemma 3. If 3/2 < k(m)/m < 2 then k(m)/m = 3(p+ 1)/(2p) for
a prime p = 7 (mod 12). If ¢ = —1 and 3/4 < k(m)/m < 1 then
k(m)/m = 3(p+1)/(4p) for a prime p=1 (mod 6).

In particular, x(m)/m cannot take any values between 12/7 ~ 1.714 . ..
and 2.

7. THE SEQUENCES {y,} AND {u,}

Theorem 12. The sequences {y,} satisfy the recurrences given in Ta-
ble 2.

Proof. We will prove this when 22 — dy? = —4. The other cases are
similar. We have

xf + 2x1y1\/3 + y%d = Qxf + 2x1y1\/c_l +4

which implies

2 2

(2131 + y1\/c_i>2 — (331 + yn/E) 1

and so

n+1 n n—1
<SC1+Z/1\/E> — <x1+y1\/c_l> n <x1+y1\/3>
2 o 2 2
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giving

Tp41 + yn—i—l\/a — (xn + yn\/g) i Tn—1 + yn—l\/a
2 - 2 2

from which it follows that
Tptl = T1%p + Tpo1 a0 Ypy1 = T1Yp + Yp—1-

O

Lemma 4. If the sequence {y,} satisfies yo = 0 and yp11 = ayp~+CYn_1
then y, = y1u,, where the sequence {u,} satisfies ug =0, u; = 1, and

Up+1 = AUy + CUp—_1.

Lemma 5. If 2> —dy* = +1 or &4 and y,, = y1u, then dy? = A or 4A.
In particular, if p is an odd prime and p ty, or p|d, then (g) = (é>.

p
Also, if ply1, then p|A.

Proof. We will do one case; the others are similar. Suppose that {y,} is
the sequence of y’s that are solutions to 22 — dy? = £4 for some d, and
that 22 —dy? = —4. Then y,, = y1u, and A = a*+4c = 22 +4 = dy}. In
particular, p|dy? <= p|A, and if pty, or p|d, then (%) = (%). O
8. INDEXES OF APPARITION POWERS OF ODD PRIMES IN THE
SEQUENCE {y,}

The issue is what is the smallest j so that p|y; for p an odd prime,
t > 1, and {x,,y,} the sequence of positive solutions to z* — dy? = +1
or +4, with d > 1 squarefree. We denote the smallest such j by n(p'),
also called the index of apparition of p' in the sequence {y;}.

There are three cases to consider: (A) ply1, (B) pty; and p|d, and
(C) ptdyr.

For (A), if p"||ly1, then for s = max(0,t —r), n(p') = p°. As plyi,
p?|A so by Corollary 2, p*|lu,s. Then for t > r, pt||y,s.

For (B) we need to consider p # 3 and p = 3. If p # 3, p|d, and
p 1 y1, then n(p') = p'. This is because p|A and so by Corollary 2,

Pl
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If p =3, 3|d, and 3 1 y1, and 3"||ys (which will happen for some
r > 1), for s = max(0,¢ — r), n(3") = 357!, By Theorem 7, x(3) = 3.
That n(3") = 3°*! then follows from Theorem 8.

For (C), ptdy;, by Lemma 5 and Theorem 6

=G))

where s =2 if p=1 (mod 4) or c = —1 and s = 1 if p = 3 (mod 4)
and ¢ = 1. In the latter case, (p — <%>) /n(p) is odd. If p" |y, for

n(p)

some r > 1, then n(p") is n(p)p® where s = max(0,¢ — r). That r need
not be 1 can be seen by taking d = 2285 and p = 13. Then 7(13) = 3
and 134|y; = 285610.

9. INDEXES OF APPARITION FOR POWERS OF 2 IN THE SEQUENCE
{yn}

There are several cases to consider when p = 2. If d = 1 (mod 4),
we consider only solutions to z? — dy? = +4, while if d # 1 (mod 4) we
consider only solutions to z? — dy? = £1. We let {z1,y:} denote the
minimal positive solution to 22 — dy? = £4 or £1, as the case might
be.

The cases for p = 2 are as follows (these all follow from theorems
above, or tests mod 32).

(1) If d =5 (mod 8), and 2% — dy? = —4, then
(a) If y; is odd, then z; is odd, n(2) = 3, n(4) = n(8) = 6, and
n(2) =3-22 for t > 3.
(b) If 4, is even, then y; =2 (mod 4), 21 =4 (mod 8), n(2) =
1, n(4) =n(8) =2, and n(2') =22 for t > 3.
(2) If d =5 (mod 8), and z? — dy? = +4, then
(a) If y; is odd, then x; is odd, as are yo and xo.Let 27|ys,
where r > 3. For t < r, n(2") = 3, and n(2') = 3-2!"" for
t>r.
(b) If y; is even, then y; =0 (mod 8) and z; = 2 (mod 4). Let
2"||ly1, where r > 3. For t <7, n(2t) = 1, and 5(2t) = 2t="
for t > r.
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(3) If d =1 (mod 8) and 2% — dy? = —4, then 2||y; and 8|x;. We
have n(2) = 1. Also, 2"||ys for some r > 4. If 1 < t < r then
n(2t) = 2. If t > r then n(2!) = 2071,

(4) If d=1 (mod 8) and 2% — dyf = +4 then 2"||y; for some r > 3
and 2||z1. If ¢ <7 then n(2') = 1. If t > r, then n(2) = 2!"".

(5) If d # 1 (mod 4), then

(a) If y; is odd then 27|ys for some r > 1. For ¢t > 1, if t <r
then n(2') = 2, while if ¢ > r then n(2") = 2!,

(b) If y; is even, and 2"||y;, then for 1 < ¢ < r, n(2") = 1, while
for t > r, n(2t) = 2",

10. UNITS IN QUADRATIC ORDERS

One of our main goals is to show that if ¢; is the fundamental unit

of the ring of integers O (maximal order) of the real quadratic field
Q(V/d) for d > 0 squarefree, ¢; is the fundamental unit of the order
of conductor f in O, and ¢ = ¢;, then £ < 2f (and some related

results). For definitions of terms in the previous sentence, see the

article “Computing in Quadratic Orders.”

Consider first the case where d = 1 (mod 4). Let {x;,v;} be the

positive solutions to 22 — dy? = +4, so {z, y1 } is the minimal positive
solution. The fundamental unit of the maximal order of Q(v/d) is

%(901 +yl\/a)'

The fundamental unit of the order of conductor f is

%(SUE + Z/E\/@ = %(SCE + yTEf\/E)

where E is the smallest index ¢ so that f|y;. Recall that,

E
T+ ypVd B <$1 + yl\/C_l>
2 N 2 '

Now consider the case where d # 1 (mod 4). Let {z;,y;} be the pos-

itive solutions to z? — dy? = £1.The fundamental unit of the maximal

order of Q(V/d) is

T+ yl\/a.
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The fundamental unit of the order of conductor f is
xE+yE\/3:xE+y7Ef\/3

where E is the smallest index i so that f|y;. Here,
vp +ypVd = (z1 + yl\/a)E-

It is then straightforward to apply the above theorems on the se-
quence {y,} to obtain

Theorem 13. E/f < 2. E/f =2 if and only if
N(e) = —1,
x1 =1 or5 (mod 6) where z1 + yivVd = 2¢1, and
f=6]]p;" where p;|d and ged(p;,y1) = 1.

The above conditions imply that if £/f = 2 then d = 5 (mod 8),
ged(6, f/6) =1, y; =1 or 5 (mod 6), and p; =1 (mod 4).

As an example where ged(d,y;) > 1, take d = 3077. Then ¢ =
(943 + 17+/3077)/2 and N(e;) = —1.

If any reader knows a reference in the literature for the fact that
E/f <21 would be grateful to hear of it. The only reference that I
know is Podsypanin [9, Lemma 1], but the proof given there is wrong.
It is my understanding that the results above are well known.

11. PERIODS

This section discusses period lengths of the sequences {u,, mod m}
and {y, mod m}.
Period lengths for {u,, mod m} follow easily from

Uk(my41 = 1 == period = k(m),

Uk(my41 = —1 == period = 2K(m),
Ug(m)+1 7 £1 = ui(m)ﬂ = —1 (mod m) and

period = 4k(m).
Note that last can only occur when ¢ = 1. These are easy conse-
quences of Lemma 1. Write k for x(m). First we have that

Ui = (—¢) M up_ju;  (mod m) = 1=u; = (—c)*u?_, (mod m)

— uj_, =41 (modm).
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Then , with all congruences modulo m, uxy; = cug_1, SO Upr; =
ClUp_1Uj, Ugk 1 = CUZ_y, Ugh1 = US4, U1 = cujp_, = ¢, and hence
Ugrr1 = 1 (recall uy = ug, = usp = ug, = 0). Possibilities for periods
follow from these.

For {y, mod m}, indexes of apparition and periods are indexes and
periods for {u,, mod m/g} where g = ged(y;, m) because

(A m. (Y m
m|(yr—ys) = | = |-g-(ur—us) = — (—) up—us) = —|(ur—us)
=) = (2 ) gt = 21 (L) ) =
and
mly, = <£> Cg U, = T[ (E) U, = T]ur.
g 9 \yg g

As an example where the period is 4x(m), take m = 13, a = 2, ¢ = 1.
Then x(13) =7,

Ur = Uy = Ugp = Ugg =0 (mod 13),
ug =ug =5 (mod 13),
U1z = uys = 12 (mod 13),
Ugp = Ugy =8 (mod 13), and

Ugy = uge =1 (mod 13).

Observe that 52 = 82 = —1 (mod 13), and 122 =1 (mod 13).

12. THE SEQUENCES {z,}

The sequences {z,} satisfy the same recurrences as {y,}, that is
Tpi1 = ax, + cx,—1. The sequences {z,} have certain divisibility prop-
erties related to those of the sequences {y,}, but, because zy # 0, there
are some differences. We list a few properties.

If v is odd, then x|z,

Ik|yzk~

If p|y, for p > 2 prime and v odd, then p t z;, for any k.

If ply, for p > 2 prime and v even, and p { y; for i < v, then
plz,/2 and p t a; for i < v/2.
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13. THE GENERALIZED PELL EQUATION 22 — dy? = N
Each family of solutions {x;,y;} to the generalized Pell equation

2?2 —dy?> = N, n # 0, £1, £4, satisfies the recursions

LTry1 = ATy — Tp_1,

Yr+1 = QYr — Yr—1

where a = 2t and (¢, u) is the minimum positive solution to z*—dy? = 1.
As we don’t necessarily have z; = 0 or y; = 0 for any ¢, not all of the
above theorems apply to these sequences. But, for example

Yi = Y1u; — (ay1 - y2)U¢f1

so the period of y; modulo f is 4f or less. One approach to solving
2?2 — f2dy? = N is to solve 22 — dy?> = N and, for each family of
solutions, look for y so that fly.

14. WHERE TO GO FROM HERE

Lehmer [5] lists a lot more properties of the sequences considered
above, as they relate to Pell equations. Lehmer [6] gives more gen-
eral results about related recurrence series, aimed mostly at building
primality tests.

Please send comments to jpr2718@Qgmail.com.

15. APPENDIX 1: A MATRIX APPROACH TO COMPUTING {u,}

By an easy induction,

a 1 r_ Ups1  Up
c 0 B cu,  cup_y |

This allows “binary exponentiation” methods (see [3, pp. 441-444,
463-465]) of computing w,, v, and so y,, x,. We use this method in

the next section.
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16. APPENDIX 2: FAST COMPUTATION OF

If k£ is “small” it is straightforward and reasonably fast to just directly
compute y;. If k is large, we can use a routine analogous to right-to-left
binary exponentiation [3, pp. 441-444, 463-465] to compute y; with a
number of steps proportional to In(k). If p is odd, the calculations
below can be done modulo p to compute y; modulo p (where division
by 2 is called for below, instead multiply by (p + 1)/2).

Let {y;} satisfy the recurrence relation y,1 = ay, + cy,—1 (so a = x,
or 21 and ¢ = +1). We need two auxiliary sequences (as above), uy =
0, uy =1, upy1 = au, + cu,—1, and vg = 2, v1 = @, Vpy1 = U, + CVH_1.
Then y, = yiu,. For A = a® + 4c we have that v? — Au? = 4(—c)".
This gives us the relations

Upr1 = (upv1 + u10,) /2, Ve = (010, + upurA) /2,
Uy = Uy, and vy, = (V2 + Au?)/2.

With that background, here’s the algorithm to compute uj. Set
21 =2, 20=0, w; =a, wy =1, and n = k. Repeat the following until
n = 0.

If nis odd, set 2| = (z1wy + 20waA)/2, 25 = (z1wy +
2ow1)/2, z1 = z;. Whether or not n is odd, set w] =
(w? + Dw3) /2, wy = wiwq, wy = w}. Set n = |n/2].

When n =0, 25 is uy.

17. APPENDIX 3: INDEX OF APPARITION FOR PRIME p > 2, p{ dy;

In this appendix we discuss a method for finding the index of ap-
parition k(p) of an odd prime p that does not divide dy;. Then

-to- ()

where s = 2 when p =1 (mod 4) or 22 —dy? > 0, and s = 1 otherwise.
Let k& = [, ¢/ be the canonical factorization of k. Then k(p) =
| qf where 0 < f3; < o; for 1 <i <mn. If j =[], ¢ where each
7; equals either 3; or o; (we really just need ~; > ;) then p|y;.

Here’s a way to determine the (3; one by one. Start with setting
k' = k. For each ¢; in turn, do the following.
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Step 1: If ¢; 1 k" go to Step 4 (of course, ¢; will divide &’ the first time
you come to this step for a given ¢;).
Step 2: Set k" = k'/q;.
Step 3: If ¢;|yxr, set k' = k" and return to Step 1.
Step 4: Go on to the next ¢;, if there is one.

When all ¢; have been done, k(p) = k.

The method of Appendix 2 can be used to calculate y,» modulo g;
quickly.

This method essentially starts with «; and keeps subtracting 1 until

B; is found. For large «;, it would be faster to use a binary search to
find ﬁz
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