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Matthews’ Method for Solving ax? + bxy + cy?> = N

Copyright 2003 by John P. Robertson

Introduction

This algorithm finds solutions, or reports there are none, to
(1) ar® +bxy +cy* = N

in integers x and y when A = b? — 4ac > 0 is not square and N # 0.

This discussion is based on Matthews [9]. The method is an extension
of the LMM method presented in [10, 12] for solving the generalized Pell
equation 2> — Dy? = N for D > 0 not a square and N # 0. This method
is more efficient than the traditional approach of solving binary quadratic
form equations by using methods of reduced forms (presented, for instance,
in [7, 8, 3, 4, 1]). For a somewhat different spin on the traditional method,
see [1]. And, of course, the first complete solution was given in [5]. Many of
the references cited in [9] may also be of interest.

Keith Matthews’ program CALC, available at

http://www.maths.uq.edu.au/ " krm/,

has a routine “binform” that implements the method discussed here. Also
of note in CALC is the routine “sqroot,” which solves > = n (mod m)
intelligently.

We assume that ged(a, b, c) = 1. If not, let g = ged(a, b, ¢) and replace a
with a/g, b with b/g, ¢ with ¢/g, and N with N/g. (If g does not divide N,
there are no solutions, and we're done.)

We say N is represented or integrally represented by the form f = (a, b,
¢) = f(z,y) = az® + bxy + cy? if there are integers x, y so that az? + bxy +
cy? = N. This representation is primitive if ged(x,y) = 1 and imprimitive if
ged(z,y) > 1.
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Equivalent solutions

If (z,y) is a solution to (1) and (¢,u) is any solution to t* — Au? = 4, then
(2',y") is also a solution to (1) where 2’ and 3’ are defined by

t—0> t+0b
(2) x’:( 2u>x—cuy, ’:aux—l—(zu)y

which is equivalent to
VA
2ax’ + by + y' VA = (H—+) (2ax + by + yVA).

The two solutions (z,y), (2,y') are said to be equivalent. It is not difficult
to verify that this defines an equivalence relation.

An equivalent, but often easier, test is that two solutions (z,y), (z/, )
are equivalent if and only if

2axz’ + b(xy + 2'y) +2cyy’ =0 (mod |N|), and

zy —2'y=0 (mod |NJ).

As all solutions (¢,u) to t* — Au? = 4 are generated from the solution
(t1,u1) with the minimum positive ¢; and u; by

t+22t\/z — (41) <t1+12£1\/z)

for some integer n (positive, zero, or negative), it is easy, using (2), to gen-
erate all solutions to (1) equivalent to a given solution.

There are a finite number of equivalence classes of solutions (possibly
zero). See [9] for more on the structure of solutions.

Transform to equation with ged(a, N) =1

If ged(a, N) = 1, skip to the next section. If ged(a, N) # 1, then use a uni-
modular transformation to transform (a, b, ¢) into a form with ged(a, N) = 1.
A unimodular transformation, often represented by a matrix

®) r=(2 7).
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with det(T) = 41, is a transformation of f = (a, b, ¢) = f(z,y) = ax® +
bry +cy?* to g = (A, B, C) = g(X,Y) = AX? + BXY + CY? where

()-(s ().

A = aa® + bary + 2,
B = 2aa3 + bad + bBy + 2¢vyd, and
C = aB* +bBd + cb*.

This transformation is invertible (just use transformation associated with
the inverse of the matrix in (3)). Any integral representation of N by f
corresponds to an integral representation of N by g, and vice-versa. In
particular, the two forms f and g represent the same integers.

To find such a transformation, first we find a pair «, 7 so that ged(a, ) =
1, and when A = aa? + bay + ¢y?, then ged(A, N) = 1. We will discuss ways
to find such «, v shortly. Given «, v, find § and ¢ so that ad — 5 = 1.
The unimodular transformation x = aX + Y, y = vX 4+ dY transforms
ax?® + bxy + cy? into AX? + BXY + CY? as above.

Hua [6, pp. 311-312] presents the following method for finding «, . Let
{qi}i=1.x be the set of primes that divide N. For each ¢; we will find z;
and y; so that az? + bzy; + cy? is relatively prime to ¢;. If ged(a, ) = 1,
then take z; = 1, y; = 0. Otherwise, if ged(c,q;) = 1, then take z; = 0,
y; = 1. If both ged(a, ¢;) # 1 and ged(c, ¢;) # 1, then ged(b, g;) = 1, so take
x; =1, y; = 1. Now use the Chinese Remainder Theorem to find X so that
X = x; (mod ¢;) for all i, and again to find Y so that Y = y; (mod ¢;) for
all i. Then aX? 4+ bXY + cY? is relatively prime to all of the ¢;, and hence
is relatively prime to N. Set o = X/ ged(X,Y) and v =Y/ ged(X,Y), and
A = aa® + bay + ¢y?. Then ged(a,v) = 1 and ged(A, N) = 1.

Alternatively, simply search on “small” «, v with ged(a,y) = 1, set
A = aa? + bary + ¢y?, and test whether ged(A, N) = 1. This method fre-
quently finds «, v very quickly and gives a transformed equation with smaller
coefficients than those resulting from the method presented by Hua.

For a third method, see [1, p. 50]. For a method similar to that given by
Hua, but more general, see [5, pp. 220-221].

Unimodular transformations preserve equivalence of solutions.
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Main algorithm

Henceforth we assume that ged(a, N) = 1.
First, find all solutions 6 to

(4) ab®> +b0 +c=0 (mod |N|)

with 0 < 6 < |N|. If |N| is small, you can do a brute-force search on 6 for
0 < 6 < |N|. For large |N| you can take advantage of efficient methods for
solving x? = d (mod m) [2, pp. 31-36] [7] as follows. First solve t? = b* —4ac
(mod 4|N|) for —|N| < t < |N|. If there are no solutions ¢, then there are no
primitive solutions to (1). Then solve af = &2 (mod |N]) for 0 < 6 < |N]|.

For each 6 proceed as follows depending on whether A = b? —4ac is even,
odd, or A =5. Let n =2a0+ b, R = [n/2], S = a|N|.

If A is even, apply the PQa algorithm (see appendix) to w = (=R +
VA/4)/S, i.e., apply the PQa algorithm with Py = —R, Qo = S, D = A/4.
Let ¢ be the length of the period of the continued fraction expansion of w. If ¢
is even check through the end of the first period, and if ¢ is odd, check through
the end of the second period for the smallest j > 1 with Q; = (=1)’N/|N].
If there is no such j, there is no solution associated with this 6. If there is
such a j, then y = B;_4, x = yd + A;_1|N| is a solution.

If we found a solution using w, also apply the PQa algorithm to w* =
(R+ /A/4)/(=S), i.e., apply the PQa algorithm with Py = R, @y = =5,
D = A/4. Apply the tests in the previous paragraph to this continued
fraction expansion, except test for Q; = (—1)7**N/|N|.

For a given 6, either both w and w* will generate solutions, or neither
will. When both generate solutions, the solutions are equivalent. Also, for
any solution found, y > 0. If one of these solutions has a y that is less than
that for the other solution, retain the solution with the smaller y and discard
the other. If two solutions have the same y, keep the one with the smaller

Solutions arising from different 6 are not equivalent. So once all § have
been tested, and solutions retained as above, you will have exactly one so-
lution from each class, and it will be a solution with the minimal positive
Y.

If A is odd (including the case where A = 5), apply the PQa algorithm
to w = (—(2R 4 1) + VA)/(25), i.e., apply the PQa algorithm with Py =
—(2R+ 1), Qo = 25, D = A. Let ¢ be the length of the period of the
continued fraction expansion of w. If ¢ is even check through the end of the
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first period, and if ¢ is odd, check through the end of the second period for
the smallest j > 1 with Q; = 2(—1)?N/|N|. If there is no such j, there is
no solution associated with this 6, F,, and (). If there is such a j, then
y=DBj_1, x =y0 + A;_1|N| is a solution.

If A =5 and aN < 0 then let r be the minimal nonnegative integer so
that Py = Py and Qrypie = Q1. Let X = A, — A1,y = B, — B,_,
x =yb + |N|X. Then (z,y) is a solution. Call this the “special” test, call
the solution found in this paragraph the “special” solution, and call those
solutions found in other paragraphs “regular” solutions.

If w generated a solution, apply the PQa algorithm to w* = ((2R+ 1) +
VA)/(=28), ie., apply the PQa algorithm with Py = 2R + 1, Qo = —285,
D = A. Apply the test in the second previous paragraph to this continued
fraction expansion, except test for Q; = 2(—1)7T'N/|N|. It is not necessary
to apply the analogy of the “special” test when A = 5 to w*, as it would give
the same solution as that found above.

As with the case when A is even, for a given 6, either both w and w*
will generate solutions, or neither will. When both generate solutions, the
solutions are equivalent. When the “special” test applies, a third solution
will be found, equivalent to the first two. Again, for any solution found,
y > 0. If one of these solutions has a y that is less than that for the other
solution, retain the solution with the smaller (or smallest) y and discard the
other(s). If two solutions have the same y, keep the one with the smaller |z|
(not all three can have the same y).

As with the case when A is even, solutions arising from different 6’s are
not equivalent. So once all 6’s have been tested, and solutions retained as
above, you will have exactly one solution from each class, and it will be a
solution with the minimal positive y.

All solutions found by this method are primitive, i.e., they have ged(z, y) =
1. To find imprimitive solutions, apply the above methods to every equation
ar’+bry+cy? = N/k?, where k > 0 divides N, and take (kz, ky) as solutions
to the original equation.

For some A, including A = 5, every N and 0 satisfying (4) generate a
solution to (1). But for some A, there are N and 6 that satisfy (4) but 6
does not generate a solution to (1).
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Example 1, 2% + 22y — Ty* = —56.

Here A = 32. The solutions to 6% + 20 — 7 = 0 (mod 56) are § = 7, 19,
35, 47. For 0 = 7 we get n = 16, R = 8, S = 56, w = (—8 + v/8)/56, and
w* = (8 4+/8)/(—56). The PQa algorithm with Py = —8, Qy = 56, and
D = 8 is shown in Table 1. As N = —56, and so N/|N| = —1, we look for Q;
so that Q; = (—=1)"(—1) = (—1)"*'. Clearly there are none, so no solutions
arise from this 6 (and we do not need to test w*).

For # = 19 we have n = 40, R = 20, S = 56, w = (—20 + v/8)/56, and
w* = (20++/8)/(—56). Applying the PQa algorithm to w, the smallest i > 0
with Q; = (=1)"' is i = 3 (Table 2). As Ay = —1 and B, = 3, a solution
isy=3,x=3-194+(—1)-| — 56| = 1. Applying the PQa algorithm to w*
(Table 3), the smallest ¢ > 0 with @Q; = (—=1)""(=1) = (—=1)" isi = 4. As
Ay = —2 and By =5, asolutionis y =5, 2 =5-19+4 (=2) - | — 56| = —17.
As 3 < 5, we retain the solution (1,3) and discard the solution (—17,5).

For 6 = 35, w gives the solution (7,5), and w* gives the solution (-7, 3).
We keep the latter and discard the former. When 6 = 47, no solutions result.

So, for 22 + 2zy — 7y? = —56, there are two classes for the primitive
solutions. The solutions (1,3), (—7,3) give the solution from each class of
primitive solutions with minimal positive y. Note that one of these solutions
was generated from an “w” and one from an “w*”. Also, two of the #’s did
not yield solutions.

As the only k£ > 1 so that k?|N is k = 2, to look for imprimitive solutions
we solve z2 + 2zy — Ty*> = —56/4 = —14. There are two 0’s, § = 5, 7.
Neither yields solutions. So the only solutions to x? + 22y — 7y? = —56 are
the primitive solutions.

Example 2, 2922 + 2y — y* = —27.

Here A = 117. The solutions to 290? + 6 — 1 = 0 (mod 27) are § = 5,
8, 14, 17, 23, 26. For # = 5, we have n = 291, R = 145, S = 783, w =
(=291 + /117) /1566, w* = (291 + /117)/(—1566). Application of the PQa
algorithm to w is shown in Table 4. There is no ); = £2, so this 6 does not
produce a solution. As w does not yield a solution, there is no need to test
w*. Similarly 8 = 8, 14, or 26 do not yield solutions.
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For = 17, w = (=987 4+ /117)/1566, w* = (987 + V/117)/(—1566).
Applying the PQa algorithm to w (Table 5), the smallest ¢ with @; =
2(—1)1(—27)/27 = 2(—1)"' is i = 5. Then Ay = —5, B, = &, so a solu-
tionisy = 8, x = 8-17—5-27 = 1. Applying the PQa algorithm to w*
(Table 6), the smallest ¢ with Q; = 2(—1)"(=27)/27 = 2(—1)" is i = 4.
Then Ay = —7, B, =11, so a solution is y = 11, x = 11 - 17— 7-27 = —2.
We retain the solution (1, 8) and discard the solution (—2,11).

For § = 23, w = (—1335 + V117)/1566, w* = (1335 + /117)/(—1566).
From w we get the solution (2,13) and from w* we get the solution (—1,7).
We retain the latter and discard the former. This gives us the primitive

W,

solutions. As with the first example, one solution has come from an “w”, one
solution has come from an “w*”, and not all #’s led to solutions.

As 3%|(—27), to test for imprimitive solutions we solve 2922 + xy — y* =
—27/9 = —3. There is one 0, § = 2, and this yields no solutions. So, the

only solutions are the primitive ones.
Example 3, 522 + 152y + 11y? = —19

Here A = 5. The solutions to 56 + 150 + 11 = 0 (mod 19) are 6 = 7,
9. For § =7, n =85 R=42, 5 = 95, w = (=85 +/5)/190, w* = (85 +
v/5)/(—190). The application of the PQa algorithm to w is shown in Table 7.
The smallest 7 with Q; = 2(—1)"(—19)/19 = 2(—1)""! is i = 5. A solution is
y=16,2=16-7T—7-19= —21. AsaN =5-—-19 < 0, we use the “special”
test to get another solution from w. The smallest r so that P.,1,, = P, and
Qri140= Qi1 is 7 =4. This gives X = (=7) — (-3)=—4,y=16—-7=9,
r=9-74+19-(—4) = —13. From w* (PQa algorithm shown in Table 8)
the smallest ¢ with Q; = 2(—1)""(—19)/19 = 2(—1)" is i = 4. A solution is
y=11, 2 =11-7—-5-19 = —18. Note that for w*, in the notation of [9],
s=5 X=(=5)—(-1)=—-4,y=11-2=9, and, as above, z = —13. So,
we have three solutions (x,y) = (—21,16), (—13,9), (—18,11). These three
solutions are equivalent, and the one with the smallest y is (z,y) = (—13,9),
which came from the “special” test for w.

For § = 9, the “regular” test with w gives the solution (—15,11), the
“special” test with w gives the solution (—14,9), and the “regular” test with
w* gives the solution (—27,16). These three solutions are equivalent, and
that with the smallest y is (—14,9).

The solution from the “special” calculation always has minimal .
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Example 4, 22 + 7Tzy + 11y? = —1

Here A = 5. The only 0 is # = 0. From w = (=7 + v/5)/2 we get the
solution (—3,1) by the “regular” method, and the solution (—4,1) from the
“special” test when A = 5 and aN < 0. From w* = (7 + v/5)/(—2) we get
the solution (—9,2). While the solution from the “special” test always has
y equal to the minimum positive y in the class when A = 5 and aN < 0,
this shows that it is possible for the “regular” test to produce a solution with
the minimal y for the class. This can only happen if aN = —1, whence the
“regular” solution from w = (=b + v/5)/2 is ((=b + 1)/2,1), the “special”
solution is ((—b — 1)/2,1), and the solution from w* = (b + v/5)/(=2) is
(—b—2,2).

Example 5, 5522 4 3152y + 451y = —3971

This example illustrates every technique presented.

As ged(55,—3971) = 11 > 1, we first need to transform the equation. As
ged(451, —3971) = 11 > 1, we cannot just switch the roles of x and y. So we
use the unimodular transformation

z\ (1 -1 X
()= ) ()

e, =X-Y,y=X,toget A=55-124+315-1-1+4451-1% = 821,

B=2-55-1-—1+315-1-04315-—1-142-451-1-0 = —110—315 = —425, and

C = 55-124315-1-0+451-0% = 55. Our original equation is then transformed

t0 821 X2—425XY +55Y2 = —3971. Now, ged(821, —3971) = 1, so we can use

the main methods to solve this equation. Now note that 3971 = 11-192, so, in

addition to finding primitive solutions to 821 X2—425XY +55Y?% = —3971, we

will also need to find the primitive solutions to 821 X2—425XY +55Y2 = —11.

There are four §’s so that 8216? — 4250 + 55 = 0 (mod 3971), namely

= 287, 793, 2453, 2959. These are shown, along with the solutions they
generate in Table 9.

As 19%(—3971), to find imprimitive solutions we also solve the equation
821X2% — 425XY + 55Y% = —3971/19%> = —11. There are two 0’s, § = 0,
1, and these generate the solutions (X,Y) = (22,85), (23,89). Multiplying
by 19, we get imprimitive solutions to 821X?% — 425XY + 55Y2 = —3971 of
(418, 1615), (437, 1691).
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We apply our unimodular transformation to obtain solutions to the orig-

inal equation, as shown in Table 10.

Send comments to John Robertson at jpr2718@aol.com.
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Appendix: The PQa algorithm

This algorithm computes the (simple) continued fraction expansion of the
quadratic irrational (Py + v/D)/Qq for certain Py, Qo, D, and it computes
some auxiliary variables.

Let Py, Qo, D be integers so that Qg # 0, D > 0, D is not a square, and
P? =D (mod |Qq|). Set A, =0, A1 =1, B,=1,and B.; = 0. For
1> 0 set

ai = |(P+VD)/Qi),
A =a; A+ Ao,
B; = a;Bi—1 + Bj-2,
and for ¢ > 1 set
P, =a;1Q;1 — Pi—; and
Qi = (D~ P?)/Qi1.

Each of these variables will be an integer for all indices for which they are
defined. A key output of this algorithm is the sequence aq, ai, as, ...which
gives the continued fraction expansion of (P + v/D)/Qq. That is,

1

(Py+VD)/Qo = ag +
a + 1
as + ———

1
a3+—

We write (ag, a1, asg, . ..) for this continued fraction expansion. These much-
studied variables have many interesting properties, of which we list just a
few.

1. For ¢ >0, a; > 0.

2. Each of the sequences {a;}, {P;}, and {Q;} is eventually periodic.
Specifically, there is a least nonnegative integer iy and a least posi-
tive integer £, the length of the minimal period, so that for any integers
i >ig and k > 0, ajppe = i, Piype = P, and Qe = Q.
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3. ged(A;, B;) =1 for i > —2.

4. The ratios A;/B; are the convergents to the continued fraction expan-

sion of (Py +v/'D)/Qy.
5. A;B;_1 — A 1By = (—1)"1 for i > —1.
6. P? =D (mod |Q;]).
7. Qi=Qin—a; (P — Pi_y) fori>2.
8. ged(Qo, B;) divides Q41 for i > —1.

It is useful to determine when one has reached the end of the first period.
One method is as follows. As P, and Q; are computed, determine whether
(P, + vV/'D)/Q; is reduced, which means that (P, ++v/D)/Q; > 1 and —1 <
(P, —+/D)/Q; < 0. Let i, be the smallest i for which this occurs. Then find
the smallest j > i, for which P; = P; and Q;, = @;. This j will mark the
start of the second period, so 7 — 1 is the end of the first period.

Examples are given in many of the tables below. A more complete dis-
cussion of the PQa algorithm is at the web page

http://hometown.aol.com/jpr2718/

Look for the file, “Solving the generalized Pell equation - PDF File.” Also,
continued fractions in general and the PQa algorithm in particular are dis-
cussed in many texts, so we will refer the interested reader to [13, 11, 14] for
justification of most of the assertions made above.
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PQa Algorithm

? P Qi a Ay B

=

-2 0 1
-1 1 0
0 -8 256 -1 -1 1
1 —48 —41 1 0 1
2 7 1 9 -1 10
3 2 4 1 -1 11
4 2 1 4 =5
5 2 4 1 -6 65
6 2 1 4 =29 314

Table 1: PQa Algorithm with Py = —8, )y =56, D =8

PQa Algorithm

.

-2 0 1
-1 1 0
0 —20 26 —1 -1 1
1 =36 23 1 0 1
2 13 7 2 -1 3
3 1 1 3 -3 10
4 2 4 1 -4 13
> 2 1 4 =19 62
6 2 4 1 =23 75
7 2 1 4 —111 362

Table 2: PQa Algorithm with Py = —20, Qg = 56, D = 8
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PQa Algorithm

? P Qi a Ay B

=

-2 0 1
-1 1 0
0 20 =56 -1 -1 1
1 36 23 1 0 1
2 =13 =7 1 -1 2
3 6 4 2 =2 5
4 2 1 4 =9 22
) 2 4 1 —-11 27
6 2 1 4 =53 130
7 2 4 1 —64 157

Table 3: PQa Algorithm with Py = 20, Qg = —56, D =8

PQa Algorithm

{ P; Qi a; Aj B;
-2 0 1
-1 1 0

0 —291 1566 —1 —1 1

1 —1275 —1038 1 0 1

2 237 54 4 -1 )

3 —21 —6 1 -1 6

4 15 18 1 —2 11

) 3 6 2 =5 28

6 9 6 3 =17 95

7 9 6 3 —56 313

Table 4: PQa Algorithm with Py = —291, )y = 1566, D = 117
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PQa Algorithm

i P; Qi a; A; B;
—2 0 1
-1 1 0

0 —987 1566 —1 -1 1

1 —-579 =214 2 -1 2

2 151 106 1 —2 3

3 —45 —18 1 -3 5

4 27 34 1 -5 8

5) 7 2 8 —43 69

6 9 18 1 —48 7

7 9 2 9 —475 762

8 9 18 1 —523 839

9 9 2 9 —5182 8313

Table 5: PQa Algorithm with Py = —987, )y = 1566, D = 117

PQa Algorithm

i P Q: a; A; B

=%

-2 0 1
-1 1 0
0 987 —1566 -1 -1 1
1 279 214 2 -1 2
2 —-151 —106 1 -2 3
3 45 18 3 -7 11
4 9 2 9 —65 102
) 9 18 1 =72 113
6 9 2 9 —713 1119
7 9 18 1 =785 1232

Table 6: PQa Algorithm with Py = 987, Qg = —1566, D = 117
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PQa Algorithm

v Pz Q’L Q; Al Bz
-2 0 1
-1 1 0

0 -8 190 -1 -1 1

1 —105 —58 1 0 1

2 47 38 1 -1 2

3 -9 -2 3 =3 7

4 3 2 2 =7 16

5 1 2 1 —-10 23

6 1 2 1 =17 39

Table 7: PQa Algorithm with Py = —85, Qo =190, D =5

PQa Algorithm

=

-2 0 1
-1 1 0
0 8% —-190 -1 -1 1
1 105 58 1 0 1
2 —47 =38 1 -1 2
3 9 2 5 =5 11
4 1 2 1 -6 13
5 1 2 1 —11 24

Table 8: PQa Algorithm with Py = 85, Qo = —190, D =5
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Solutions
0 w X Y x
287  (—470829 + /5)/6520382 —119 1648 427
793 (—1301681 4 /5)/6520382  —326 1633 423
2453 (—4027401 + /5)/6520382 —1105 1789 462
2059 (—4858253 ++/5)/6520382 —1327 1781 462

Table 9: Solutions to 82122 — 425xy + 55y? = —3971

Solutions to equations

9(X,Y) = —-3971, f(z,y) = —3971

X Y x Y
427 1648 —1221 427
423 1633 —1210 423
462 1789 —1327 462
462 1781 —1319 462
418 1615 —1197 418
437 1691 —1254 437

Table 10: Solutions to
g(X,Y) =821X? — 425XY + 55Yy? =

—3971,

f(x,y) = 552 + 3152y + 451y = —3971.

17



