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1. Introduction
The major result in Podsypanin’s paper “Length of the period of a
quadratic irrational” [11]
` < O(∆1/2 log log ∆),

(1)

where ` is the length of the period of the continued fraction expansion
of a real quadratic irrational with discriminant ∆ (not necessarily a
fundamental discriminant), is well known and correct.
But, there are a number of errors in [11], including that the proofs of
both lemmas are wrong. Fortunately, all of the errors are easily fixed.
I would guess that both lemmas were well-known long before [11] was
published.
Here’s the list of errors:
(1) His proof of his Lemma 1 is wrong.
(2) His statement of his Lemma 2 is not quite correct, and his proof
is wrong.
(3) The misstatement of Lemma 2 carries through to a misstatement of his theorem.
(4) An allusion to a reference for a result is potentially misleading.
(5) There are at least two minor typographical errors.
This note discusses these matters. For Lemma 1 we tell where you
can find a proof, and for Lemma 2 we supply a proof along the lines
of the proof in [11]. We fill in some other small gaps in the paper. We
end with a brief restatement of his main argument in the section titled
“Recap.”
Date: August 17, 2007.
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Really all [11] does is to slightly generalize a result of [15] from the
case of a fundamental discriminant to an arbitrary discriminant.
2. The proof of Lemma 1
The first lemma in [11] is
Lemma 1. We have the inequality
κ = κ(f ) ≤ 2f.
κ(f )

Here κ(f ) satisfies 0 =  where 0 is the fundamental unit of the
√
ring of integers O of the quadratic field Q( d) (d > 1 squarefree) and
 is the fundamental unit of the order of conductor f in O.
A correct proof is easily generated from the results in [9, pp. 94–95]
and arguments similar to what is presented there. The result is really
about linear recursion equations of the form a0 = 0, a1 = 1,
an+1 = uo an − δ0 an−1
where u0 is any positive integer and δ0 = ±1. In addition to the
reference just given, this result is easily derived from material in [7,
6], or see [4, Chap. XVII]. For a sketch of a proof, and a lot more
information, see [13]. I would very much like to hear of other references,
especially for proofs of Lemma 1.
Now we explain why the proof in [11] is not correct. At the bottom
of page 921, Podsypanin states
. . . we obtain
2
wn2 − u0 wn wn−1 + δ0 wn−1
= δ0n−1 . (∗)

From here it follows that to each value of wn−1 there
corresponds at most two values of wn . Together with
the relation (12), this shows that there exist at most
2m values of the pair (wn−1 , wn ) of neighboring values
of the sequence {wn }, reduced relative to an arbitrary
modulus m. From here and from (12) it follows that the
sequence {wn } is purely periodic relative to any modulus
m, with length of the smallest period S(m) ≤ 2m.
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Relation (12) in [11] is
w0 = 0, w1 = 1, wn+1 = u0 wn − δ0 wn−1
where u0 > 0 and δ0 are defined in terms of 0 , the fundamental unit
√
of the field Q( D1 ) with fundamental discriminant D1 :
√
u0 + v0 D1
0 =
2
and
u20 − D1 v02 = 4δ0 , δ0 = ±1.

√
Consider D1 = 29, f = 6, m = 6. The fundamental unit of Q( 29)
is

√
√
u0 + v0 29 5 + 1 · 29
0 =
=
2
2
and δ0 = −1. So, the sequence (12) is
w0 = 0, w1 = 1, wn+1 = 5wn + wn−1 .
Then the sequence {wn } modulo 6 is:
(2)

0, 1, 5, 2, 3, 5, 4, 1, 3, 4, 5, 5, 0, 5, 1, 4, 3, 1, 2, 5, 3, 2, 1, 1, 0, 1, 5, . . .

Clearly this has period 24, which is greater than 12 = 2m.
Podsypanin’s argument goes wrong with the quoted sentence beginning, “Together with relationship (12) . . . .”
First, a quadratic congruence for a composite modulus can have
more than two solutions. Secondly, when δ0 = −1, the equation (*)
is two different equations, depending on whether n is even or odd.
Continuing the above example with m = 6, u0 = 5, and δ0 = −1,
consider wn−1 = 5. Then the equation (*) becomes
(3)

wn2 − wn − 2 ≡ 0

(mod 6)

when n is odd, or
(4)

wn2 − wn ≡ 0

(mod 6)

when n is even. Equation (3) has two solutions, wn = 2, 5, and equation
(4) has four solutions, wn = 0, 1, 3, 4. All six of these solutions occur
in the sequence (2).
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3. The statement and proof of Lemma 2
In [11], Lemma 2 is stated as
`<

1
√

log 1+2

5

log 

where ξ is a reduced quadratic irrational, ` is the length of the period
of the continued fraction expansion of ξ, and  is the fundamental unit
for the quadratic order with discriminant that of ξ.
This should be
1
√ log 
`≤
log 1+2 5
√
√
because if ξ = (1+ 5)/2, then equality holds (` = 1 and  = 1+2 5 ). For
all other reduced quadratic irrationals, the strict inequality is correct.
And, the proof given in [11] is wrong. In particular, the statement
in the proof that
qt ≥ α0t−1
√

is wrong. Here α0 = 1+2 5 and qt is the denominator of the t-th convergent to ξ. The rest of the proof hinges on this incorrect statement.
The error seems to be due to a minor confusion over indexing.
As Podsypanin uses indexes in continued fractions (see the display
equation just before his equation (4)), a purely periodic continued fraction is
< a1 , a2 , . . . , a` >,
and q1 = 1 and q2 = a2 . Table 1 compares Podsypanin’s indexing to
the standard indexing. Clearly it is possible to have qt < α0t−1 under
Podsypanin’s indexing.
√
Also, as a specific example, for ξ = 28 + 819,
qt = Ft < α0t−1
for 2 ≤ t ≤ 10, where Ft is the t-th Fibonacci number (F1 = 1, F2 = 1,
F3 = 2, . . . ). This is shown in Table 2.
Essentially, what makes his proof fail is the fact that Ft < α0t−1 for
t ≥ 2.
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Standard Indexing
Minimum
Index
Possible
t
qt
α0t
0
1
1.000
1
1
1.618
2
2
2.618
3
3
4.236
4
5
6.854
5
8
11.090
6
13
17.944
7
21
29.034
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Podsypanin’s Indexing
Minimum
Index
Possible
t
qt
α0t
1
1
1.618
2
1
2.618
3
2
4.236
4
3
6.854
5
5
11.090
6
8
17.944
7
13
29.034
8
21
46.979

Table 1. Where Podsypanin’s proof of Lemma 2 goes wrong
Index
t
at
qt
α0t
1
56
1
1.618
2
1
1
2.618
3
1
2
4.236
4
1
3
6.854
5
1
5
11.090
6
1
8
17.944
7
1
13
29.034
8
1
21
46.979
9
1
34
76.013
10
1
55 122.992
11
56 3114 199.005
12
1 3169 321.997
Table 2. In the continued fraction expansion of 28 +
√
819, qt < α0t−1 for 2 ≤ t ≤ 10
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But, a correct proof is not difficult, as we now show. Actually,
Podsypanin’s erroneous proof provides the main idea. We just rejigger it to get a 2 (or larger) in the right position in the continued
fraction expansion of an appropriate ξ. Similarly, the proof in [15]
can be generalized to cover all the cases needed here. In essence, we
would need to use Gi in place of Ai where Gi = Q0 Ai − P0 Bi . Then
G2i − DBi2 = (−1)i+1 Q0 Qi+1 [10, Thm. 5.3.4, p. 246]. Here, either
Gi = Ai , so the proof is as in [15], or Gi = 2Ai − Bi ≥ Ai because
Ai − Bi ≥ 0. See [14] for more information on the relations among Gi ,
Qi , and solutions to Pell equations.
I am going to change notation to agree with more common conven√
tions. Let φ = (1 + 5)/2. For continued fractions, our indexing will
start at zero, so a purely periodic continued fraction with period length
` will be
< a0 , a1 , . . . , a`−1 > .
We will prove
Lemma 2. If ξ is a reduced quadratic irrational with discriminant
∆ > 0 and continued fraction
< a0 , a1 , . . . , a`−1 >,
and  is the fundamental unit for the quadratic order of discriminant
∆, then
 ≥ φ` .
Equality holds if and only if ξ = φ, in which case ∆ = 5,  = φ, and
` = 1.
Recall that the discriminant of a quadratic irrational is the discriminant of its minimal polynomial. Also recall that the continued fraction
expansion of a reduced quadratic irrational is purely periodic. It will
be convenient to index the complete quotients as ξ0 = ξ, ξ1 , ξ2 , . . . , ξ`−1 .
(See [14] or [12] for any terms that are unfamiliar.)
Proof. First observe that if  is the fundamental unit of a quadratic
order, then  ≥ φ. To see this, consider that any fundamental unit can
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be written as

√
t+u ∆
2
where t ≥ 1 and u ≥ 1 are integers, and ∆ ≥ 5. Clearly this cannot be
less than φ.
Now consider the case where ` = 1. Since for any  we have  ≥ φ for
those  associated with ξ for which ` = 1,  ≥ φ` (and, in fact ξ = ).
Now suppose that ` > 1. Then for at least one of the partial quotients
we have an ≥ 2 (if all of the partial quotients were 1, the length of the
period of the continued fraction would be 1). Replace ξ with ξn−1
(where if n = 0 use ` − 1 for n − 1). This new ξ is associated with the
same discriminant, and so the same  as the original ξ, and the length
of the period of its continued fraction expansion is the same as that for
the original ξ. The new ξ1 is the old ξn , so the new a1 is the old an .
Now consider the denominators qi of the convergents to the continued
fraction expansion of ξ. As always, q0 = 1. Because q1 = a1 q0 and
a1 ≥ 2, we have that q1 ≥ 2. Finally, because ai ≥ 1 for i ≥ 2,
qi = ai qi−1 + qi−2 ≥ qi−1 + qi−2 for i ≥ 2 (actually for i ≥ 0). In
particular q2 ≥ 3, q3 ≥ 5, and so on.
Recall that φ2 = φ + 1, so φk = φk−1 + φk−2 for any integer (or real
number) k. Now we have that q0 = φ0 = 1 and q1 > φ1 (because q1 ≥ 2
and φ < 2). By an easy induction qi > φi for i ≥ 1 because (for i ≥ 2)
qi ≥ qi−1 + qi−2 > φi−1 + φi−2 = φi .
We’re practically done, because by [5, Theorem 9.5.2, p. 296]
 = q`−1 ξ + q`−2
and the fact that ξ > 1, we have
 > q`−1 + q`−2 > φ`−1 + φ`−2 = φ` .

Note that when ` > 1, the inequality of the lemma is strict. Also,
when ` = 1,  = φ only when ξ = φ (and so ∆ = 5).
I am grateful to Keith Matthews for pointing out the reference [5,
Theorem 9.5.2, p. 296].
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In fact, it is easy to see that we have proved a slightly more general
result. Namely, if ξ is any real quadratic irrational (not necessarily
reduced) with discriminant ∆, ` is the length of the periodic part of
the continued fraction expansion of ξ, and  is the fundamental unit of
the order with discriminant ∆, then  ≤ φ` .
This lemma is proved in [15, Eqn. 2.1] for the quadratic irrational
√
D, D squarefree, which has discriminant 4D. If you know a proof in
the literature for the more general version of this lemma, I would very
much like to hear of it.
4. An allusion to a reference
To quote from [11]
We shall make use of the terminology and results of [1,
Chap. 2, Sec. 7]. Let M = [1, ξ], let Of be its ring of
coefficients with the fundamental unit
(5)

 = q` ξ + q`−1 > 1.

He has previously defined ξ as a reduced quadratic irrational with a
purely periodic continued fraction expansion
< a1 , a2 , . . . , a` >
with convergents pi /qi . His reference [1] is the same as our reference
[1].
Given the juxtaposition of the two sentences quoted, one might expect that the formula for  would appear in [1, Chap. 2, Sec. 7]. If it
does, I have not found it.
The formula for  does appear as [5, Theorem 9.5.2, p. 296], where
a proof is also given.
5. The statement of the Theorem
Following from Lemma 2 (see discussion above), the conclusion of
the Theorem should be
1

D 2 L(1, χ)
`≤κ
h
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Equality holds if and only if D = 5. Here, I have used “κ” in place of
a symbol in [11] that I cannot reproduce.
6. Two minor typographical errors
I only have access to the English translation, so these typos might
not be in the original Russian language paper.
The display equation in the first paragraph, which is not numbered,
is missing a factor of 2 in the denominator on the right hand side of
the inequality (and, per the comment on the Theorem, just above, the
< should be ≤). It should read

`≤

1

ω
√

2 log 1+2

5

D 2 L(1, χ)
·
h

It should be clear that this is the formula that is the conclusion of
the theorem.
Formula (14) is missing a factor of “f ” and should read
`<

κ(f )
log 0 ≤ 2f κ log 0
log α0

(where I have used “κ” for a character in [11] that I cannot reproduce).
7. Other comments
√
The conclusion that ` = O( D log log D) on line 5 of page 920 of
[11] follows from Littlewood’s 1928 paper where he proves, subject to
the Riemann hypothesis, that L(1, χ) = O(log log D) [8, Thm. 1, p.
367].
Also [15, Lemma, p. 528] has Podsypanin’s main results for squarefree D.
8. Recap
Other than the problems noted above, there is nothing wrong with
Podsypanin’s main argument. In this section, we walk through his
argument.
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Here is the notation we will use (which differs slightly from Podsypanin’s).
d > 1 is a squarefree positive integer.
f will denote the conductor of an order in a quadratic field and
is a positive integer.
√
∆0 is the discriminant of the ring of integers of the field Q( d),
and so is a fundamental discriminant.
∆ is the discriminant of the order of conductor f in the ring of
√
integers of the field Q( d).
√
φ = (1 + 5)/2.
κ = 1/(2φ) if f = 1 and κ = 1/φ if f > 1.
ξ is a reduced quadratic irrational.
` is the length of the period of the quadratic irrational ξ.
0 is the fundamental unit of the ring of integers of the field
√
Q( d).
 is the fundamental unit of the order of conductor f in the ring
√
of integers of the field Q( d).
κ(f )
κ(f ) is defined by the equation  = 0 and is a positive integer.
h = h(∆) is the class number of the order of conductor f in the
√
field Q( d).


χ = χd (n) = nd where nd is the Kronecker symbol.
P
Q
−1
L(1, χ) = ∞
n=1 χd (n)/n =
p prime (1 − χd (p)/p) .
As usual, ∆0 = d if d ≡ 1 (mod 4) and ∆0 = 4d otherwise. Also,
∆ = f 2 d if d ≡ 1 (mod 4) and ∆ = 4f 2 d otherwise. Each discriminant
∆ is associated with a unique pair {d, f }.
The discriminant ∆ associated with the quadratic irrational ξ is the
discriminant of the minimal polynomial for ξ.
With that background, we begin the proof. We will prove
Theorem 1. Let ξ be a reduced quadratic irrational with discriminant
∆ > 0 and for which the length of the period of its continued fraction
is `. Then
√
` = O( ∆ log log ∆).
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Proof. Lemma 1 says that κ(f ) ≤ 2f , and obviously κ(1) = 1. Using
this and Lemma 2, we have
(6)

`≤

log  κ(f ) log 0
=
≤ 2f κ log 0 .
log φ
log φ

Dirichlet’s analytic class number formula for a fundamental discriminant is [1, p. 343], [3, pp. 134–135], [2, p. 262], [16, p. 273]
√
∆0 L(1, χ)
h=
.
2 log 0
We can rewrite this as
(7)

log 0 =

p

∆0 L(1, χ)/2h.

Combining (6) and (7) we have
p
√
(8)
` ≤ 2f κ log 0 = 2f κ ∆0 L(1, χ)/2h = κ ∆ L(1, χ)/h
(where L(1, χ) and h are for the fundamental discriminant ∆0 ). This
is Podsypanin’s theorem. From [8, Thm. 1, p. 367] for fundamental
discriminants we have that
L(1, χ) = O(log log ∆0 ).
Because every discriminant ∆ has an associated fundamental discriminant ∆0 , and ∆0 ≤ ∆, we have that
(9)

L(1, χ) = O(log log ∆)

where L(1, χ) is the Dirichlet L-function associated with the funda
mental discriminant ∆0 (i.e., the character χ is χd (n) = nd ).
Finally, obviously, κ is bounded by a constant and h ≥ 1, so combining (8) and (9) we have
√
` = O( ∆ log log ∆).

Podsypanin’s equation (3) is proved in [15] for all nonsquare D. How
it follows from his theorem is a mystery to me.
Please direct questions and comments to jpr2718@aol.com.
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